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Abstract. This is a study of the Wittner capture construction for crit- 
ically finite quadratic rational maps for which one critical point is peri- 
odic, and the second critical point is in the backward orbit of the first. 
This construction gives a way of describing rational maps up to topo- 
logical conjugacy. It is known that representations as Wittner captures 
are not unique. We show that, in a certain parameter space which we 
call V3, the set of maps with exactly 2 r representations as a Wittner 
capture is of density bounded from for each r > 0, and for each fixed 
preperiod of the second critical point. 
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CHAPTER 1 



Introduction 



1.1. The setting 

This paper is concerned with the parameter space V3 of quadratic ratio- 
nal maps: 

(z — a)(z — 1) „ 

h a :z^± J -i aeC, 

z z 

It is a sequel to |22| and addresses some questions at the end of that paper. 
Roughly speaking, this is a series of questions about how many critically 
finite rational maps in V3 can be represented by a construction called Wit- 
tner capture [28J and in how many ways. More precisely, we shall consider 
Wittner captures by the aeroplane polynomial. More formally, the ques- 
tions concern the parameter capture map for V3 and the aeroplane polyno- 
mial. The domain of the parameter capture map is a union of finite sets 
parametrised by m, and for each such restricted finite set domain, there is 
a natural restriction of the range to another finite set. We denote the re- 
stricted parameter capture map by <3? m . The domain and range of 3> m both 
have size of the order of 2 m . We are interested in the image size, and point 
inverse image sizes of $ m , for varying m. 

This is, therefore, a consideration of a problem in a very specific setting. 
But it is also a particular case of a very basic question in dynamics: how to 
find simple representations of dynamical systems in a parameter space, and, 
at the same time, to determine the number of duplicate representations. In 
complex dynamics, mating, and the more easily analysed Wittner captures, 
are among the more popular representations. This paper is perhaps the first 
serious analysis of the number of duplicate representations arising. 



1.2. The parameter space, its maps and hyperbolic components 

The map h a has critical points and 02(a) = ( ^-, with corresponding 

critical values 00 and ^2(0) = — ■ The point is of period 3 under h a , 

with orbit i->- 00 1— >■ 1 i->- 0. Every quadratic rational map with a critical 
point ci of period 3 is represented in V3 up to conjugation by a Mobius 
transformation. The representative is unique if the Mobius transformation 
is chosen to map c\ to 0. There are three polynomials in h a up to Mobius 
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conjugacy: the rabbit, the antirabbit and the aeroplane, corresponding to 
parameter values a = ao with Im(ao) > |22j, oq and a±, which is real and 
< 0. Therefore, with abuse of notation, we shall sometimes refer to h a , for 
a = ao, ao or a\, as "polynomials". There are also two type //critically finite 
maps in V3 given by parameter values a = ±1. We see that 02(1) = 1 and 
C2(— 1) = 00, so that, for both these parameter values, the critical points lie 
in the same period three orbit. 

Each of these maps h a , for a = ao, ao, a\ and ±1, is a hyperbolic rational 
map — an iterate of the map is expanding on the Julia set in the spherical 
metric — since the simple equivalent condition for hyperbolicity is trivially 
satisfied. It is clear that each critical point is in the Fatou set, since each 
critical point is in a superattracting cycle. Each of these maps h a therefore 
lies in an open set H a of rational hyperbolic maps in V3, which we call the 
hyperbolic component, such that each maps h a i in h a is conjugate to h a on 
a neighbourhood of the Julia set J{h a >) of h a i. 

A branched covering of the Riemann sphere is critically finite if the for- 
ward orbit of any critical point is finite. Any hyperbolic component contains 
at most one critically finite map - always exactly one in V3 - and so the 
sets H a for a = ao, ao, ai and ±1 are disjoint. Identifying h a with a, we 
can regard H a as an open subset of the complex plane. It is simply con- 
nected in each case. In fact, the uniformising map in each case is a natural 
parametrisation of the dynamical variation within the hyperbolic component 
( |18j . for example). Also, H a is symmetric about the real axis whenever a is 
real. The closures of the hyperbolic components H±\ meet in three points: 
(which is in C, but excluded from V3) and points which we shall call x 
(with Im(x) > 0) and x, which are uniquely determined by the property that 
h x has a parabolic fixed point with multiplier e 27 ™/ 3 . (Of course, it follows 
immediately that has a parabolic fixed point with multiplier e -27 ™/ 3 .) 
The closure of H ai also includes x and x. These two points are accessible 
from H±\ |18j and H ai , and is accessible from H±\ along the real axis. 
Since H ai is unbounded — it includes all points in the negative real axis in 
(—00, a\], for example — it lies in the unbounded component of the comple- 
ment of Hi U i/_i U H ai U {x,x}. We call this unbounded complementary 
component V^(a\, +) |22j, because it meets the positive real axis. Its closure 
meets H\ \ {x,x} and H ai \ {x,x}, but not Z/_i \ {x,x}. There are three 
other complementary components. One is bounded by Z/_i U H ai U {x,x} 
and does not meet Hi \ {x,x}. This complementary component is called 
V^{a\, — ) (and meets the negative real axis). The other two complementary 
components are bounded by H ao U i/a^U {x,x}. One of these, V^ao), is in 
the upper half-plane, and contains H ao . The other, V3(ab"), is in the lower 
half-plane, and contains //oq. This is shown in Figure 1. 
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Figure 1. The parameter space V3 



1.3. Counting hyperbolic components 



Each of the sets V^ao), V^ao), V$(a\, — ) and V^{a\,+) contains infin- 
itely many hyperbolic components of each of types III and IV, each with a 
critically finite centre. For maps in a type III hyperbolic component (in the 
space of quadratic rational maps) there is a single periodic cycle of Fatou 
components, containing exactly one of the critical values, and the other criti- 
cal value is in the full orbit of this periodic cycle. For hyperbolic components 
intersecting V3, the cycle is of period 3, and the second critical value is in a 
Fatou component of preperiod m > 0. For the critically finite centre h a , the 
second critical value V2{a) has preperiod m. For type IF hyperbolic com- 
ponents, there are two distinct cycles of periodic Fatou components, each 
containing a critical point and value. As in |22j . we are concerned in this 
paper only with type III hyperbolic components, and, in particular, with 
their centres. For each fixed m, the set of type III centres for preperiod m 
is finite, and has cardinality 



Moreover, we can identify the number of type III components of prepe- 
riod m in each of the sets V^ao), ^3(00), V^ai,— ) and Vs(ai,+). We call 
denote the set of critically finite centres of type III components by Pz,mi an d 
the intersections with each of the above sets of V3 by, respectively, P^mip-o)-, 
P3,m(ao), P3,m(ai, +) and P3, m (ai, — ). As a consequence of the main result 
Theorem 2.10 of [22|, supplemented by the counting in section 3.4 of [22J, 
the numbers in each of these sets are, respectively, 



^2 m+1 + 0(l), ^2 m+1 + 0(l), ^2 m+1 + 0(l), |-2 m+1 + 0(l). 



In fact, we only need the statement of the "easy" parts 1 and 2 of Theorem 
2.10 of [22], together with the counting, to deduce this. Counting results of 
this type, although not this particular one, are proved in [12J. 




,m+l 



+ 0(1). 
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1.4. Thurston equivalence 

For a branched covering / of C, we define 

X(f) = {f n (c) | c critical, n > 0}. 

We say that / is critically finite if X(f) is finite. The convention (not 
universal) in this paper is to number the critical values. Adopting this 
convention, two critically finite maps /o and /i with numbered critical values 
are (Thurston) equivalent if there is a homotopy ft from fo to /i such that 
#(X(ft)) is constant in t, so that the finite set X{ft) varies isotopically 
with t, and the isotopy between X(fo) and X(f\) preserves the numbering 
of critical values. If #(X(ft)) > 3, this is equivalent to the existence of 
homeomorphisms ip and ip : C — > C with ip and ip isotopic via an isotopy 
mapping X(fo) to X(fi), and preserving the numbering of critical values, 
and such that 

ipo foot/;- 1 = f x . 

We shall write ~ for the equivalence relation of Thurston equivalence, and 
will sometimes write simply "equivalence" or "equivalent" when it is clear 
that Thurston equivalence is meant. 

Thurston's theorem [5J, I21j gives a necessary and sufficient condition 
for a critically finite rational map / to be equivalent to a rational map g, 
which is usually unique up to Mobius conjugation. This is certainly true if 
the forward orbit of every critical point contains a periodic critical point, 
which is the only case which concerns us here. (In fact, if it is not true, then 
#(X(f)) = 4, every critical point is strictly preperiodic, and maps forward 
to an orbit of period one or two.) 

1.5. Capture paths and capture maps 

A capture path is a particular type of path in the dynamical plane 
of a critically periodic quadratic polynomial, or any rational map which 
is Mobius conjugate to a critically periodic quadratic polynomial, that is, 
one for which the finite critical point is periodic. In particular, we can 
define capture paths for the maps h a for a = oq, oq and a±. We shall also 
use capture paths for branched coverings which are Thurston equivalent to 
quadratic polynomials. 

So now let a = ao, oq or a%. Recalling that is of period 3 under h a (in 
fact this is the case for any h a S V3), we define 

z m (K) = h- m ({o, 1, 00}) = h~ m ({o, h a (o), him) 

and 

Z{h a ) = U m > Z m (h a ) = Ui>oV({0, 1, 00}). 



1.5. CAPTURE PATHS AND CAPTURE MAPS 



5 




Figure 2. erg 



A capture path for h a is a path /3 : [0, 1] — > C from the fixed critical point 
/3(0) = 02(a) = to a point /3(1) = x G Z(h a ). To be a capture path, the 
path has to cross the Julia set J(h a ) just once, into the Fatou component 
containing x, and this Fatou component must be adjacent to the ray of entry. 
Two paths (3\ and (3\ are equivalent if they are homotopic in C \ | 
n > 0} via a homotopy fixing endpoints. For a = ao or ao, a capture path 
is uniquely determined up to equivalence, by its endpoint. This is because 
the Julia set of h a in these cases is homeomorphic to the Julia set of the 
rabbit or antirabbit polynomial respectively, and the forward orbit of x is in 
just one component of the complement in the filled Julia set, of the closure 
of the immediate basin of attraction. For a = ax, the forward orbit of x 
sometimes intersects two components of the complement, in the filled Julia 
set, of the closure of the immediate basin of attraction of x. But the set 
of x of preperiod m for which there are two such components, is of density 
tending to as m tends to infinity. We shall be more precise about this 



below, in 1.7 



Any capture path is an arc up to equivalence and from now on we assume 
that capture paths are arcs. If (3 : [0, 1] — > C is an arc then we can define a 
homeomorphism op as follows. Take a suitably small disc neighbourhood U 
of (3. Define ap to be the identity outside U, and to map (3(0) to (3(1). See 
Figure 2. It is possible to define <7g for any continuous path (3, by writing 
(3 as a union of arcs, up to homotopy. We shall need to employ this later 
when (3 is a closed loop. 

A capture path (3 is type II if the second endpoint is periodic, and type 
III if the second endpoint is preperiodic. If (3 is a type III capture path 
for h a , for a = ao, ao or ax, then up o h a is a critically finite branched 
covering. If U is sufficently small to be disjoint from {h n (x) \ n > 0} then 
(jpoh a is uniquely determined up to Thurston equivalence by the equivalence 
(homotopy) class of (3. Hence, if (3 is a capture path, apoh a is determined up 
to equivalence by the endpoint (3(1), except for a set of endpoints of density 
tending to as the preperiod tends to infinity. If (3 is a capture path then 
we call erg o h a a capture or a Wittner capture. This definition of capture 
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was used in |19|, I20L I21L I22L 123] . following the introduction of captures 
by Ben Wittner in his thesis [28j, but some authors use "capture" more 
generally for what we call "type III". We refer to a hyperbolic component 
whose centre is a capture in our stricter sense, up to Thurston equivalence, 
as a capture component. 

If /3 is a type II capture path for h a then we can define a critically finite 
branched covering using j3 in a slightly different way (see |19|, I20L 12 1L I22j ). 
Let C, be the uniquely determined path such that h a o £ = /3 and such that 
C(l) is periodic under h a . Then crT 1 o erg o h a is a critically finite branched 
covering of type II, which is, again, uniquely determined up to Thurston 
equivalence by the equivalence class of f3. 

1.6. Laminations and Lamination maps 

Invariant laminations were introduced by Thurston [26] to describe the 
dynamics of polynomials with locally connected Julia sets. The leaves of a 
lamination L are straight line segments in {z : \z\ < 1}. Invariance of a 
lamination means that if there is a leaf with endpoints z\ and Z2 , then there 
are also a leaf with endpoints z\ and z 2 , a leaf with endpoints —z\ and — Z2, 
and a leaf with endpoints w\ and W2, where w 2 = z\ and w\ = z%. A leaf 
with endpoints e 2mai and e 2ma2 , for < a\ < a-i < 1, is then said to have 
length min(a2 — a\,a\ + 1 — 02). Gaps of the lamination are components 
of {z : \z\ < 1} \ (UL). If the longest leaf of L has length < h then there 
are exactly two with the same image, which is called the minor leaf. A 
lamination L is clean if finite-sided gaps of L are never adjacent. Minor 
leaves of clean laminations are either equal or have disjoint interiors. We 
are only interested, here, in minor leaves which have endpoints which are 
periodic under z 1— > z 2 . If one endpoint of a minor leaf of a clean lamination 
is periodic, then the other is too, and of the same period. Any two such 
minor leaves have distinct endpoints. There is a natural partial ordering on 
minor leaves. We say that fj, < fjf if fi separates // from in the unit disc. 
For any minor leaf \i there is a unique minimal minor leaf v = such 
that v < // whenever // < /z. 

Each point e 2mtl 7^ 1, with t\ an odd denominator rational, is an end- 
point of the minor leaf ^ of a unique clean lamination, which we call - 
and also Lj 2 , if e 2mt2 is the other endpoint of /i^ (in which case \xt x = fJ-t 2 )- 
We can define a lamination map s^ = St 2 which maps to , and such 
that s tl (z) = z 2 for \z\ > 1, and gaps are mapped to gaps. The gap of L tl 
containing has infinitely many sides and is periodic under , of period n, 
and is mapped with degree two onto its image by s, but the rest of the peri- 
odic cycle maps homeomorphically. We can therefore choose St 1 so that is 
a degree two critical point, of period n, and hence is a degree two critically 
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periodic branched covering. Then st 1 is Thurston equivalent to a unique 
critically finite quadratic polynomial, and conversely. 

For technical reasons, in [22], it turned out to be easier to work with 
the lamination map which is Thurston equivalent to h a , rather than with 
h a itself. This will be true here, too. The corresponding lamination map is 
s q for q = }j or | or | respectively. Capture paths transfer to this setting. 
A capture path for s q is a path from the fixed critical point oo of s q to a 
point x in the full orbit Z(s g ) = U n >os~ Tl ({0, s q (0), s5(0)}) of the critical 
point 0, which crosses the unit circle just once, into the infinite-sided gap of 
L q which contains x. The associated type III and type II capture maps are 



defined in exact analogy to those in 1.5 



1.7. Counting capture maps and components 

The following information is given in [2.2], with a little more detail in 
places, but for ease of reference, it is given here. A theorem of Tan Lei [25J , 
of which a more general version is proved in |19|, [20j, gives a necessary and 
sufficient criterion for a capture <r 7 o s q (for any odd denominator rational 
q) to be Thurston equivalent to a rational map. If q = j for 1 < r < 6, then 
this rational map is automatically in V3. Actually, Tan Lei's theorem deals 
with matings rather than captures, but the result for captures can be proved 
by the same methods. The criterion is easily described using minor leaves, 
and therefore we use the captures 07 o s q . The critically finite branched 
covering 07 o s q is Thurston equivalent to a rational map if and only if 7(1) 
is in the larger region of the unit disc bounded by the minimal minor leaf 
v{n q ) with v(pL q ) < [i q . The minimal minor leaves v([i> q ) for q = | 
and I are /ii/7 (which has endpoints e 2m(y1 ^^ and e 27 ™( 2//7 )), (which has 
endpoints e 21 "-^! 1 ) and e 2?n ( 6 / 7 )) and (which has endpoints e^ 271 "^ 1 / 3 )) 
respectively. 

We write Z{q) for the set of equivalence classes of capture paths 7 for 
Sq such that a 7 o s q is equivalent to a rational map, and Z m {q) for the 
subset for which the second endpoint of the path is of preperiod m. The 
number #(Z m (q)) is closely related to the the number of points of Z m (s q ) = 
s q m (.{ s q(Q) I * ^ 0}) m t ne larger region of the unit disc bounded by i^(/x g ). 
The numbers of such points for preperiod m are, respectively, 

h m+1 +0{l), ^2 m+1 + (9(l), ^2 m+1 + 0(l). 

(to 

For q = \ and I, it is not hard to show that capture paths 71 and 72 for s q 
are equivalent if and only if the captures cr 7l o s q and a 72 o s q are Thurston 
equivalent. Also, it was shown in |22j that the equivalent rational maps 
to captures 07 o sy 7 are precisely the centres of hyperbolic components 
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in Va(ao), and similarly for captures cr 7 o s G / 7 and centres of hyperbolic 
components in V^ao). (It was pointed out in |22j that this can be shown 
by elementary methods.) 

For q = | , the number of equivalence classes of capture paths is slightly 
more than the number of endpoints, because , for some choices of endpoint x, 
there are two equivalence classes of capture paths with endpoint x. But even 
for q = I, there is just one equivalence class of capture path with endpoint 
x, unless the closure of the gap of £3/7 which contains x intersects both 
{e 27vit : t G (f , |)} and { e 2nit : t G (§, f )}. In that case, there are exactly 
two equivalence classes of capture paths for s 3 / 7 ending at x: those which 
intersect {e 2mt \ t G (f,§} and those which intersect {e 2mt : t G (|,|)}. 
There may then be either one or two Thurston equivalence classes of captures 
<7 7 o S3/7 for 7 with endpoint at x. Examples of both cases are given in |22j. 
But at any rate, the number of maps in V3 which are equivalent to capture 
maps a-y o s 3 / 7 is 

I 2 m+1 (l + (l)). 

However, there are Thurston equivalences between some captures <7 7 o 
S3/7 and captures o s g for q = j or |. These arise from the so-called 
Wittner flip construction. If 7 crosses the unit circle at e 27ri * for t G (7,7), 
then cr 7 o S3/7 is equivalent to a capture o s 6 /7, and similarly, if t € (|, I) 
then cj 7 o S3/7 is equivalent to a capture o s x /7. This very interesting 
construction is not used in the results of this paper, so we will not discuss 
it further. 

Capture paths 71 and 72 which cross the unit circle in {e 27Tlt : t G 
(— |, i)} are equivalent if and only if the captures <r 7l o s q and cr 72 o s p are 
Thurston equivalent. It was shown in |22j that the rational maps equivalent 
to these captures are precisely all the centres of the hyperbolic components 
in 1/3(01, — ). Ideas of Timorin (private communication) indicate that there 
is a simple direct way of proving this. 

Thus, using Thurston equivalence, there are natural one-to-one corre- 
spondences between the hyperbolic components in the regions V^ao), V^ao) 
and Vs(ai,— ) and equivalence classes of captures by s q for q = h, | and 
I respectively, where the capture paths are taken to have endpoints in 
U n >oSg n (0), and in, respectively: 

• the larger region of the unit disc bounded by the leaf /X1/7; 

• the larger region of the unit disc bounded by the leaf Hq/ 7 ; 

• the smaller region of the unit disc bounded by the leaf with end- 
points e ±27ri ( 1 / 7 ). 

But none of this is true for V^ai, +). The only captures which can be 
equivalent to centres of hyperbolic components in this region are those of the 
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form ct 7 o S3/7 where 7 crosses the unit circle at e 2mt for t G (|, |) U (|, |), 
since as we have seen all the other captures are equivalent to centres in the 
other regions vs(ao) or V^ao) or V^ai,— ). The number of preperiod m 
endpoints of capture paths in this region is 

J_.2»n-i + 0(l). 

It was shown in [23j that for any integer n > there are n inequivalent 
capture paths - in fact, with distinct endpoints - all crossing the unit circle 
at points in {e 2mt : t £ (f > H)}- There are plenty of capture components 
in Vs(ai, +), but not every type III hyperbolic component in Vs(ai, +) is a 
capture component, since as we have seen in 1.3 there are at least twice as 
many type III hyperbolic components as can be represented. In fact because 
of the multiple equivalences it is somewhat less. In fact, the main results 
of this paper imply that the number of type III hyperbolic components in 
Vs(ai,+) which are represented by captures is between ci2 m+1 and C22 m+1 
where < c\ < C2 < gj. 

We now introduce some more notation. We write Z m (3/7, +) for the 
subset of Z rn {3/7) such that the intersection of the paths with the unit 
circle is in 

(V; 

and Z m (3/7, — ) for the subset of Z m (^) such that the intersection with the 
unit circle is in 

1 r ' 
r 7, 

We write Z m (3/7, +, +) for the subset of Z m (3/7, +) such that the in- 
tersection is with {e 2mt \ t 6 (| , |)}. We also write 

Z(3/7, +) = U m>0 Z m {3/7, +), Z{3/7, -) = U m>0 Z m (3/7, -), 

2(3/7, +, +) = U m>0 Z m (3/7, +, +). 

Similarly we write Z m (3/7, +,p) for subset of Z m (3/7, +), such that the 
intersection with the unit circle is in 

2mt :t€ (l_ 2-pJL 1 _ 2 ~^-) U (- - 2-^-, - - 2-*— 
\3 21' 3 21 y V 3 21' 3 21 

We define Z(3/7, +,p), and Z(3/7, +, +,p), analogously to the above. 
The parameter capture map (for V3) is defined by 

if 7 is a capture path for s q , for q = ^ , | or | , and where [7] is the equivalence 
class of any capture path 7 for s q such that <r 7 o s q is equivalent to a rational 
map, and [a 7 o s q ] denotes the Thurston equivalence class of the critically 



e 27Tit : t e 
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finite branched covering a^os q . We shall write <E> m for the parameter capture 
map restricted to ([7], s q ) for which the second endpoint of 7 is of preperiod 
m under s q . As we have seen, the parameter capture map restricted to 
pairs ([71,31/7) or ([7],S6/7) is a bijection onto a naturally defined domain, 
and similarly restricted to pairs ([71,53/7) with [7] G 2(|,— ). The case of 
([7],s 3/ / 7 ) for [7] £ 2(3/7,+) is quite different. We will usually identify to 
domain of <I> in this case with 2(3/7,+). We shall also write $ m for the 
capture map restricted to 2 m (3/7, +). 
We can now state our main theorems. 

Theorem 1.8. For any capture path 7 in 2(3/7, +,+, 0), the capture 
07 o s 3 / 7 is equivalent to the centre of a type III hyperbolic component in 
P3,m(ai,+) CV 3 (ai,+). Thus, 

$02(3/7, +,+,0)) C P 3>m (a 1 ,+). 

Theorem 1.9. There is a constant c > such that the number of type III 
hyperbolic components in Vs(ai,+) with second critical point in an immedi- 
ate basin of preperiod m and represented by <7 7i o S3/7 for exactly 2 r different 
capture paths ji in 2 m (3/7, +, +, 0), for r = 1 or any integer r > 0, is 
> [2- cr+m \ . Hence, for c r = 2~ cr , 

#({[7] G 2 m (3/7,+,+,0) : #($- X ([a 7 o s 3/7 ]) = 2 r }) > c r .2 m . 
1.10. So what? 

Why does it matter? One of the most basic ideas in dynamics, especially 
in complex dynamics, is to model parameter space, at least local dynamics, 
by the parameter plane. The most famous example in complex dynamics 
is the combinatorial model for the Mandelbrot set for quadratic polynomi- 
als, which is based, perhaps surprisingly given the lack of immediate visual 
resemblance, on the dynamical plane of z 1— > z 2 . This results from the sem- 
inal work of Douady and Hubbard [4J which was reinterpreted by Thurston 
[26] . Thurston's framework is used in this article. The information obtained 
about the relative positions of hyperbolic components, and the dynamics in 
each hyperbolic component, just from the dynamics of one map, is extraor- 
dinarily detailed, and is complete. A conjectural topological model for the 
parameter space of quadratic polynomials is thus obtained. Important ad- 
vances in proving that the model is the correct one were initially obtained 
by Yoccoz (described in [6l I24j ). Nearly thirty years after the model was 
first obtained, it remains a conjectural model, although a great deal has been 
proved about it (for example, [13J) and important advances have been made 
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recently EJ, 13 El HOL [9] . The topological equivalence of the combina- 
torial model to the actual parameter space is equivalent to the conjecture 
that the Mandelbrot set is locally connected (MLC). 

Given that the information about combinatorial structure of quadratic 
polynomial parameter space is so detailed, it is natural to attempt a model 
for parameter space of quadratic rational maps in terms of the one for poly- 
nomials. This is the route that has been followed. It would also be natural to 
try to model parts of the parameter space on the dynamical planes of poly- 
nomials within the parameter space by simply using captures. Restricting to 
the subset V3 of rational parameter space, this means using the dynamical 
planes of h a for a = ao, ao and a\, or, equivalently, the dynamical plane s q 
for q = |, I and |. It has been clear for some time that it is possible to do 
this in some parts of parameter space and essentially impossible in others. 
If we fix attention on V3, then parts of the Julia sets of h a for a = ao, ao 
and ai, are visible in ^3(00), ^3(00) and V^ai,— ). It can be proved - 
following the lines of analogous results of Aspenberger-Yampolsky [TJ and 
of Timorin |27] for V2 — that parts of these Julia sets translate into subsets 
of V^ao), Vs(ao). There is hope of proving something along these lines for 
^(ai,— ). But the situation for capture paths in Z(a\,+) is quite differ- 



ent. Theorem 1.8 shows that the image is contained in V(a\, +). The map 
cannot be surjective onto type III centres in Vs(ai,+), because there are 
approximately twice as many centres of preperiod m as there are capture 
paths in Z m (3/7, +). It follows from the results of |23j that the map cannot 
be injective. But Theorem |1.9| quantifies this. The way in which the proof 
proceeds also suggests that the capture map from Z(3/7, +) to ^(3/7, +) 
does not extend continuously to a larger set. So a transfer of topological 
information from dynamical plane to parameter plane is, at least, problem- 
atic. But the proof of |1.9| does indicates ways in which discontinuities might 
arise. 

1.11. The parameter capture map is not typical 

It is interesting to compare the parameter capture maps $ TO on Z m (3/7, +) 



with typical maps between finite sets. From 1.7 we see that the size of 

21' 



Z m (3/7, +) is j r 2 m+1 +0(l), while from 1.3 the size of the range P 3 , m (ai, +) 



is |f2 m+1 + 0(1), that is, twice the size of the domain, to within 0(1). So 
the ratio of the domain size to range size for <& m tends to ^ as m tends 
to 00. Typical behaviour of gaps between finite sets is a classical problem 
in probability, often described in terms of "balls in boxes", and involving 
Stirling numbers of the second kind. Saddle point methods are usually used 
in the solution. It is shown [3] that, with probability tending to 1 as N 
tends to 00 for maps from a set of M elements to a set of N elements, and 
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for M = bN with b > 0, the number of points with r preimages is within 
O(VN) of 

b T 

and the image size is within 0(y/~N) of (1 — e~ b )N. In particular, the 
maximum inverse image size for a typical map, for b bounded above and 
below, is log N/ log log N(l+o(\)). Surprisingly, the maximum inverse image 
size of $ m is a bit larger than typical, at least cm = cilog(2 m ). This is 
especially intriguing as we shall see that 

$ m | Z m (s 3/7 , +, +,0) 

can be written as a composition of a sequence of maps which converge ex- 
ponentially fast to the identity, in a reasonable sense. Therefore one might 
expect $ m to behave more like a bijection than a typical map. In many 
respects, this could well be the case. The question of the relation of the 
image size to domain size is quite open. In principle, this could be achieved 
by estimation, but the practicality is another matter. 

1.12. Contrast with the subhyperbolic case 

All the maps considered in this work are hyperbolic critically finite ra- 
tional maps. Any critically finite rational map is either hyperbolic or subhy- 
perbolic. Subhyperbolic maps are expanding on their Julia sets, with respect 
to a suitable adaptation of the spherical metric: Lipschitz equivalent to the 
spherical metric outside the postcritical set. A critically finite map is hy- 
perbolic if and only if the forward orbit of every critical point contains a 
periodic critical point. The concept of mating or capture can be extended 
to critically finite maps which are subhyperbolic and not hyperbolic. In 
the non-hyperbolic case it might not be useful to distinguish between mat- 
ings and captures, and the term mating is often used. Some very interesting 
studies of these have been made in the non-hyperbolic case, by Daniel Meyer 
[14( I16L Q-5J. It seems that the non-hyperbolic case is very different from 
the hyperbolic case. In particular, the number of different representations 
of a map by matings is much larger — or almost certainly so. No definitive 
upper bound on the number of equivalent maps captures is given in the 
hyperbolic case, in the current work. 

1.13. Organisation of the paper 

The organisation of this paper is as follows. 

Chapter [| concerns the Resident's View. The "Resident's View" is the 
term used here, and in earlier papers on the same general subject, for a 
particular manifestation of a very basic philosophy in dynamical systems. 
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The idea is that information about variation of dynamics in a parameter 
space can be obtained by scrutiny of a fixed dynamical system within the 
parameter space. It is more appropriate, here, to say "resident's views" since 
the focus of the study is on determining when different models - or different 
"views" - represent the same dynamical system. The representations that we 
are considering are all Wittner captures. Chapter [2]reinterprets Theorem 1.8 



into the context of the Resident's View. The resulting statement, Theorem 



2.8, thus becomes one of the main goals of the paper. The proofs of both 



Theorems 11.81 and 11.91 then use Theorem 12.81 and its context. 

Theorem |2.8| is statement about details of a certain group action on 
paths in the dynamical plane of a quadratic polynomial, a group action 
which has been the subject of intense study, notably in |22j, where a fun- 
damental domain was found for the group action in a particular case. This 
is the main tool in the current work. Theorem |2.8| gives important infor- 
mation about successive translates of the fundamental domain which are 
crossed by "parameter capture paths" . Chapter [3] is devoted to providing 



the foundations for proving Theorem 2.8 The group action is a twisted 



group action, where the twisted action comes from certain homemorphisms 
which can be regarded as conjugating homeomorphisms between different 
model dynamical spaces. Chapter [3] is essentially devoted to the study of 
these homeomorphisms. 

Chapter [4] contains the proof of Theorem 2.8 In order to prove this the- 
orem, and in preparation for the proof of Theorem 1.9 more detailed infor- 
mation about the translates of the fundamental domain are given. Theorem 



2.8 implies that translates of the fundamental domain are paired off, each 



one with an adjacent translate. The results at the end of Chapter |4j in par- 
ticular 4.10.2[ give good estimates on the distance between the translates, 
that is, on the distance between the group elements by which translation is 
made. These estimates are vitally important in controlling the effect of the 



twisted group action, and hence for proving the theorems 1.8 and 1.9 



Chapter [5] presents key examples. The positive density sets which are 
the subject of Theorem 1.9 are then perturbations of these key examples. 



The main result is Theorem 5.2 This result says, surprisingly, that for 
some constant C > 0, and each integer k > there is a type III quadratic 
rational map with one critical point of period 3 and the other of preperiod 
< C2 k which can be represented by exactly 2 k different Wittner captures 
with capture paths in Z(3/7, +, +, 0). The proof is direct and does not need 
information about the sides of translates of the fundamental domain that 
are crossed by these capture paths. Nevertheless, considerable information is 
given about these, in preparation for the positive density results in Chapter 
[6j with the proof of theorem 1.9 
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Chapter [6] gives the proof of the positive density results, in particular, 
|1.9| It might be interesting to compare the implementation of the technique 
with the now-classical results of positive measure sets of interval maps with 
characteristics of non-uniform hyperbolicity. In all theorems of this type, all 
estimates depend on some sort of a priori control. It never seems possible 
to avoid a chicken-and-egg argument, and to prove results without any sort 
of control. This means that, although results are obtained, concerning the 
abundance of certain phenomena, no absolute upper bound is achieved, and 
there are number of open questions. 



CHAPTER 2 



The resident's view of the main theorems 

2.1. A notation for Thurston equivalence 

The following notation was used in [19], [20], [21], ES [23]. If critically 
finite branched coverings / and g are Thurston equivalent, then there is an 
orientation-preserving homeomorphism ip : C — > C such that ip(X(fo)) = 
X(fi), and tp preserves the numbering of critical values and there is a ho- 
motopy gt from if) o f o ?/> _1 = go and gi such that gt is a critically finite 
branched covering for all t with X(gt) = X{g) for all t. The definition of 
Thurston equivalence is sometimes stated in this way. If such a ij) exists, 
then we write / ~^ g. The drawback of this notation is that is not an 
equivalence relation. However, if / g then g — ,a-i /, and if also g h 
then / ~^ £ /i. 

An extension of this notation has also been used, and will be used in this 
paper. Suppose that X\(f) is a finite set which contains X(f) and such that 
f(Xi(f)) C X\(f). Suppose that X\(g) has similar properties relative to 
g. Then (/, X\(f)) is said to be Thurston equivalent to (g,Xi(g)) , written 
(/, Xi(f)) ~ (g, Xi(g)) if there is a homotopy through (/ t , Xi(f t )) such that: 



(/o,Xi(/o)) = and (f 1 ,X 1 (g))=g; 

ft is a critically finite branched covering with X(ft) C X\(ft) and 
/ t (X 1 (/ t ))cX 1 (/ t ); 

X\(ft) moves isotopically with t and numbering of critical points 
is preserved. 



Similarly to the above, if (/, Xi(f)) ~ (g,X\(g)), then tj) and gt exist as 
before, and in addition, ijj(Xi(f)) = X\(g) and gt{X\{g)) C ^1(5) for all t. 
We then write (f,X 1 (f)) ^ (g,X 1 (g)). 

A fact which is used throughout Q3H [201 ED (221, [23] and which will 
be used here also, is that if (/, X\(f)) ~^, (g,Xi(g)), then for each n > 1 
there is VVi such that (/, f~ n X\(f)) ~^, n (5, g~ n (Xi(g)), and such that VVi 
and ijjk are isotopic via an isotopy which is constant on f~ k (Xi(f)), for each 
< k < n. 
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2.2. The boundary of the universal cover 

The theory of the Resident's View uses the following facts and notation 
concerning boundaries of universal covers of Riemann surfaces. Suppose 
that V = C \ P where P C C is finite and #(-P) > 3, so that V has negative 
Euler characteristic. (This is the set-up in all our examples, but C could 
be replaced by any compact Riemann surface S, provided that S \ P has 
negative Euler characeristic) . The holomorphic universal cover of V is the 
open unit disc D. For fixed a £ V, we define tti(V, P, a) to be the set of 
homotopy classes of paths ft : [0, 1] — >■ C such that /3([0, 1)) C V, (3(0) = a 
and fi(l) G P, where we restrict to homotopies through such paths. Then 
for any \j3] E tti(V, P, a), and any lift $ of j3 | [0, 1) to D, lim^i (3(t) exists 
as in D, and is uniquely determined by [f3] and /3(0). Therefore, having fixed 
a lift a of a to D, we can regard tt±(V, a, P) as a subset of dD, by identifying 
[f3] with (3(1) for any lift (3 with (3(0) = a. This subset is dense. 

Since D is holomorphic, the action on D of the covering group of V is 
by Mobius transformations, and hence this action extends continuously to 
dD. The covering group is naturally isomorphic to the fundamental group 
7Ti(V,a), which acts naturally on iri(V, P, a) by concatenation, that is, for 
[7] € iri(V,a) and [f3] 6 ni(V,P,a), we define [7].[/3] = [7*/3]- This coincides 
with the action by Mobius transformations on dD, using the identification 
of tt\(V, P, a) with a subset of dD. 

2.3. Action of mapping class groups 

If Y C C is finite, then we denote by MG(C, V) the mapping class 
group of (C,Y), that is, the group of isotopy classes of orientation pre- 
serving homeomorphisms of C which leave Y invariant, modulo isotopies 
which are constant on 7. If Z C Y then there is a natural homomorphism 
from MG(C,7) to MG(C,2), given by mapping the isotopy class of ip in 
MG(C, Y) to the isotopy class of ip in MG(C, Z). If #(Z) > 3, any lift to the 
universal cover D of any homeomorphism of C which preserves Z extends 
homeomorphically to DUdD. If y G Y\Z and y is a fixed lift of y to D, and 
[ip] G MG(C, Y) with ip(y) = y and ip is a lift with ip(y) = y, then if) \ dD is 
uniquely detemined by y and [tp] £ MG(C,7). 

2.4. The Resident's View. 

The Resident's View gives information about one punctured sphere in 



terms of another. As in 1.3, we define P^^m to be the set of centres of 
hyperbolic components of types II, and of type III of preperiod < m. We 
also define 



v 3 , m = v 3 \ p 3 , m = c \ ({0, 00} u p 



3,m) 
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As we saw in 1.2, there are just two type II hyperbolic components, with 
centres 1 and —1. So V^o = C \ {0, ±1}, and, for every m > 0, V 3 , m is 
the complement in the Riemann sphere of four or more punctures. Hence it 
is certainly a surface of negative Euler characteristic, and the holomorphic 
universal cover identifies with the open unit disc D. Therefore, as above, 
7r i(^ / 3,m; Pirn: a ) identifies with a subset of dD for a fixed choice a G D of 
lift of a, and 7Ti(V3 m , a) acts onfU dD by Mobius transformations, where 
this action coincides with the usual action on iriiV^^m-, P$ m , a ) C dD by 
contenation of paths. 

The other punctured sphere, with which we want to compare the first, 
is a punctured dynamical plane. For a = ao or Uq or a\, we write 

z m (h a ) = K m ({o, oo, i}) = K m ({o, mo), h 2 a (p)}), 

and 

Y m {ha) = Z m {h a ) U {v 2 (a)}, 

where V2{a) = is the second critical point of h a , which is fixed by h a for 
these values of a and hence is also the second critical value. Thus, Yo(h a ) 
is the postcritical set X(h a ) and Y m (h a ) = h~ m (YQ(h a )) for all m > 0, for 
these values of a. Similarly (and as in 1.7), for q = i or | or |, we write 



Z m (s q ) = s- m (K(0) : n > 0}, 

and 

Y m (s q ) = Z m (s q ) U {oo}, 

remembering that oo is the fixed critical point of s q . Since C \ Z m , for 
Z m = Z m (h a ) or Z m (s q ) for any of these values of a or q, the holomor- 
phic universal cover is D once again, and we can again regard 7Ti(C \ 
Z m (h a ),Z m (h a ),v 2 (a)) (or ir^C \ Z m (s q ), Z m (s q ), oo)) as a subset of 3D. 
Under our definition of Thurston equivalence, the Thurston equivalence 
class of (f,Y) for any critically finite branched covering / with #(Y) > 3 
is simply connected. There is therefore a natural isomorphism between 
7Ti(C \ Z m (h a ),V2(a)) and 7Ti(C \ Z m (s q ), oo), and a natural identification 
between 7Ti(C \ Z m (h a ) t Z m (h a ),v 2 (a)) and 7Ti(C \ Z m (s q ), Z m (s q ), oo) for 
(a,g) = (ao, ^) or (a^, f) or (o x , |). 

From now on we fix lifts a and oo to the universal cover D, of a E V3 jjn 
and oo = f2(sg) £ C \ Z m (s q ), in order to define the identifications of 
Kl(V 3 , m ,P3,m,a) and 7Ti(C \ Z m (s 9 ), Z m (s q ), oo) with subsets of dD. 

Given these identifications, Resident's View gives two maps, both of 
which are called p, or p(.,s q ) if more precision is needed, in [221 (and called 
P2 and p in |21j): 

P ■ Ki(V 3yrn , P 3|m , a) ->• 7Tl(C\ Z m (s q ),Z m (s q ), Oo), 
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P ■■ 7Tl(V3 jm ,a) ->■ 7Tl(C\ Z m (s q ), OO). 

Both these maps p are injective. The first map p is also monotone from the 
dense subset 7ri(V3 jjrv , Pz, m , a) of dD into 7Ti(C \ Z m (s q ), Z m (s q ), oo) C dD. 
The image is not dense, except in the case when m = 0, and hence the map 
p cannot extend continuously to dD. However, it does extend continuously 
except at countably many points, where right and left limits exist. We 
define D' to be the convex hull of the closure of the image of p in dD. The 
convex hull can be taken with respect to either the hyperbolic or Euclidean 
metric on D, since the two convex hulls are homeomorphic. There is a 
slight extension of p to the domain 7Ti(V3 im , Pz,m U {0, oo}, a) such that the 
images of [f3] is one of countably many points of dD n dD' if /3 ends at 0, 
and is the closure of one of the countably many components of dD' D D 
if (3 ends at oo. In the latter case, we identify p([0]) with the set of paths 
from oo = p(/3)(0) to dD' n D, modulo homotopy equivalence fixing the first 
endpoint and keeping the second endpoint in dD' Pi D. 

The set p(^i(V3^ m , P^^m, a)) is the set of all paths in wi(C\Z m (s q ), Z m {s q ), oo) 
which lift to paths from oo to dD P dD'. In particular, it includes all paths 
in Z m (q). 

The second map p, with domain ni(V3 >m ,a), is not a group homo- 
morphism. Nevertheless, the action of vri(V3 jm ,a) on dD translates to an 
action on dD', and, indeed on dD, in the following way. Suppose that 
7 G ^iiy^. m ,a) and that p(j) = a. Then there is [ip] G MG(C,Y m+ i(s g )) 
such that 

S q o~ a o S q 
and for all /3 G n^V^m, P 3jm , a), 

p(h*0\) = [<**il>W))] 

where p((3) is any path representing p{[j3\). Moreover, [ip] is uniquely deter- 
mined and the map 

H : [7] ^ [V>] 

is a group isomorphism of 7ir(V3 !m ,a) onto a subgroup G of 

{[■0] G MG(C,y m+ i(s g )) : 0(oo) = 00, 3a G 7Ti(C\Z m (s g ), 00), s q ~ cr a o S g}. 

(The notation S has not been used in the earlier papers being quoted, where, 
for reasons which we will not go into, an anti-isomorphism, rather than an 
isomorphism, was used.) Here, [ip] determines [a] uniquely, and vice versa. 
For [ip] G G and a as above, we define ip to be the lift of ip which maps 
00 to 5(1), where the path a has domain [0, 1] and the lift 5 of a is such 
that 5(0) = 00. Then [ip] — > ip\dD is an isomorphism onto its image, and 
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therefore an action of G on dD is denned by 

[if)].x = ip(x) (x G dD). 

If x = [C] G tti(C\ Z m (s q ),Z m (s q ),oo), then ^([C]) = [a * V(C)]- The 
action of 7ri(V3 >m , a) on dD therefore transfers under p to the restriction (to 
dD' n dD) of a natural action of G on dD. 

2.5. Key features of the fundamental domain 

The fundamental domain for V3 >m that was chosen in [22] is an ideal 
polygon Fs >m in the universal covering space of V^ m , that is, a region of 
D that is bounded by finitely many geodesies (in the hyperbolic metric), 
with closure intersecting dD in just finitely many points, which are all in 
fllCVa^nj-f^m U {0,oo},a). Then F3 im is clearly determined by its vertices. 
Sides of i*3, m are determined by pairs of adjacent vertices. Since i*3, m is a 
fundamental domain, any adjacent pair of vertices has to be identified with 
some other pair by an element of 7rx(V3 im , a). Any element of 7rx(V3 >m , a) 
identifies at most one pair of vertices of m , and the identifying elements 
freely generate 7ri(V3, m ,a). The set of paths chosen in |22] for the vertices 
of F 3)m is fi m , where 

O m = 7o * ^m(ao) U 70 * ^m(ao) U Q(ai, -) U tt(ax, +) 

where: 

• 7 and 7 are paths from a\ to ao and ao~; 

• the first endpoint of paths in £l m (a) is at a, and the second end- 
points are in V3 (a) for a = ao and a = ao ; 

• the first endpoint of paths in O m (ai,cr) is at ai and the second 
endpoints are in Vz(a\, a), for a = ±. 

Since p : 7ri(V3, m , P3 >m , a) ->■ 7Ti(C\ Z m (s q ), Z m (s q ), 00) is monotone and 
injective, it makes sense to find the subset of 7Ti(V3 m , i-3 5 m, a) which forms 
a vertex set for an ideal polygon which is a fundamental domain, by finding 
the image under p, because p preserves the order of vertices, and adjacency 
of vertices. This was the technique employed in |22j . A finite subset of 
7Ti(C\ Z m (s 3 / 7 ), Z) m (s 3 / 7 ), 00) was found, together with a pairing of pairs 
of elements of this subset under the action of G. It was shown that under 
very mild extra conditions (which were satisfied) the preimage under p is 
indeed a fundamental domain for V% >m , or, more precisely, for the action for 
the covering group TTi(Vs tm ,a%) on D. Actually, p = p(.,s 3 / 7 ) is not used 
directly to describe all of ft m in [22J. Using four particular paths (called 
toi, (jJ-x, oj'i and oj'_i) the space Vz, m is split into four regions which contain 
one each of Vziflo), V$(oq) and V^{a\, ±). We use p(., S3/7) to describe paths 
of fi m (ai,±) — that is, to describe paths in U m (ax,+), which are between 
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uj\ and u[ (including these) and paths in f2 m (ai, — ) which are between w_i 
and oj'_i, including these. We use p(.,Si/7) to describe paths in f2 m (ao), all 
of which are strictly between 7 * uj[ and 7 * uj'_ 1 , up to homotopy, and 
p(., sq/t) is used to describe paths in Cl m (ao), which are all strictly between 
To * oj\ and 70 * (jJ-i, up to homotopy. 
The description then includes 

p(p,m(ao), S1/7) = Z m {l/7), p(O m (ab"), s 6 / 7 ) = Z m (6/7), 

p(Q m (ai, -), S3/7) = -2m(ai, -)• 
The set fi m (ai,+) is defined by its image under p(.,s 3 / 7 ). It has some 
intersection with Z m (ai,+), but p(Q m {ai, +)) neither contains it, nor is 



contained in it. But part of the result of 1.8 is that each capture 07 o S3/7, 
for 7 E Z m (ai, +), is equivalent to apos 3 / 7 , for some /3 E fi m (ai, +). This is 
the same cis saying that, under the identification of -2^n 

(ai, +) with a subset 
of dD' n <9L>, the G-orbit of p(Q m (ai, +)) contains Z m (ai, +). 

2.6. Key features of the fundamental domain paths 

We now summarize some key features of the paths in p(S7 m (ai, +), S3/7) 
from [22J, and the corresponding generators which identify adjacent pairs. 
From now on, we write s for s 3 / 7 except when this might cause confusion. 

The paths in p(Vt m (ai, +), S3/7) are split into two sets, called R m and 
R' m . The set R m is totally ordered using an ordering <. One way to describe 
the ordering is just in terms of the ordering of the endpoints in dD n dD' . 
Apart from one common element which is maximal in Rmi the sets Rm 
and R' m are disjoint. Adjacent paths in R m (or R' m ) are adjacent in the 
ordering. Each adjacent pair in Rm is matched with exactly one adjacent 
pair in R' m by exactly one adjacent pair in R' m by exactly one element of G, 
and vice versa. More precisely, for each adjacent pair (/3i,/?2) of paths in 
R m with /?i < (3' 2 , there is an adjacent pair (/3[, f3' 2 ) in R' m and [tp] E G such 
that h/>].[/3j] = \Pj] for j = 1, 2, and ((3' 1 ,P' 2 ). Using the description of the 



action of G in 2.5 this means that there is [a] E vri(C \ Z m (s), 00) such that 
s ~^ a a o s (and [a] is uniquely determined by this property) and: 

[a*V($)] = [/y, J = 1,2. 

The common maximal path in R m and R' m is a path called from 00 to 
e 27n(i/3) ^ anc j contained in {z : |z| > 1} apart from that endpoint. This is the 
only path in R m ^R'm whose endpoint is not in a lift of Z m (s), although it is 
in dD' . It is the image under p of the path along the negative real axis from 



a\ to 00 (enlarging the domain of p slightly, as described in 2.5). In general, 
if e 2mx is on the boundary of a gap of L3/7, we write f3 x for the capture path 



which crosses the unit circle at e 2mx : this is unambiguous, because e 27r/ 
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is in the boundary of at most one gap. We write q p = g — 2~ P 2i- Then 
/3 9p G Z m (ai,+) for each < 2p < m: the path /3 2 /7 is a type II capture 
path, but the others are all of type III. There is a further decomposition of 
Rm as 

Rm = ^0<2p<mRm,p U {/?l/3}, 

where /3 gp+1 6 R m ,p H R m ,p+i, and i? m>p is the set of all paths /3 in with 
/3q p < /3 < Pg p+ i- The minimal path /3 2 / 7 in R m is matched with /3 5 / 7 £ i?^, 
and more generally the minimal path in i2 mjP is matched with /3i_ 9p in 
R'm,pi where we write R' m ^ for the set of paths in R' m which are matched 
with paths in R' m . 

The paths in R' m ^ p were never described explicitly in |22j, and we shall 
not do so here. They are determined inductively from the paths in R m ,o, 
using the ordering on paths of R m and the matching with paths in R' m , 
starting from the matching of /3 2 / 7 with /S5/7. However, we shall use the 
following later. Let /3i < /3 2 £ Rm,p-> and let be matched with j3[ G i? mjP . 
Let (/3i,/?i,2) and (/32,i , ^2,2) be adjacent pairs including j3\ and /3 2 , with 
/?i < Pi,2 and /3 2j i < /3 2 , matched with (3[ 2 ) and ((3' 2 i,/3 2 ) in i?m,p' and 
let (aijV'i) and (a^,^) effect the matching, that is, 

(s, Y m (s)) (cr aj o s , Y m (s)) 

and 

[«i*^i(#)] = [0i]> ^1(^1,2)] = [A,2], [a 2 *V2(/3 2 ,i)] = [M- 

Then ai *a 2 is trivial in 7Ti(C\ Z p+ i(s), 00). This follows from the fact that, 
up to free homotopy in C \ Z 2p+2 (s), the loop a.\ * 02 lies in a set U p - 
which is defined precisely in [22J, and which is also described in the next 
chapter — and which is disjoint from Z 2p+2 (s). 

2.7. Transferring the fundamental domain under p 

We have seen that 

Rm U R m C p{£l m )- 

By the monotonicity of p, and by the form chosen for F^^, the geodesies 
homotopic to paths p{<jj\)*p(u2), for all adjacent pairs (wi,u; 2 ) in ft, bound a 
polygon in D' , which by abuse of notation we call p{F). The translates of F 
by G cover D' by the Resident's View and the interiors of the translates of F 
are disjoint, also by the Resident's View. We cannot expect the translates 
to remain disjoint if we project down from D' to C \ Z(s q ), because the 
covering group of C \ Z(s q ) is not G. Nevertheless it is useful to view the 
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translates in the projection. If (p(ui), p{oo 2 )) = ( /?i , /?2 ) then an adjacent 
pair (/3i,/3 2 ) in R m , then 



p(u)i) * p(u 2 ) = fii * (3 2 , 

and we can identify this with its left to D' C D, using the lifts of f3\ and 
P 2 which start from oo Similarly if [7] G vri(V3 jm ,ai) with ^[7] = a and 
3([ 7 ]) = M,then 



p(7 * uji) * p(7 * w 2 ) = if) {Pi * P2), 

where, this time, we use the lift of a * ip{Pi) (or a * ^(^2)) starting from 00 
to determine which preimage of ip{Pi * P2) we have in D' . 

Then we have the following theorem. The proof of this will only be 
completed in Chapter [4j Remember (as was recalled in 2.4) that Z m {3/7) C 



p(7ri(p3 )TO , P3, m , «i)), and so for any f3 G Z m {3/7) the point on dD' which 
is identified with /3, must be in the orbit under 7ri(V3 )Tn , 01) of Q m . This 
theorem immediately gives Theorem |1.8[ because the branched coverings 
<T£ o s, for ( £ R m , are in V m {ai, +), and it gives the structure for proving 

m 



Theorem 2.8. Let j3 £ Z m {3/7, +, +, 0). Let 
{{uii-x,W2i) : 1 <i < n(/3)) 

and 

h t :l<i< n(P)) 

be the unique sequences of, respectively, adjacent pairs in O m and elements 
of^i{V3 <rn , 01), such that f3 successively crosses the arcs p{^i * 0021-1) * p{ji * 
<^2i-i); with p = p(7 n ( i a) * ^2n(/3))- Then the following hold. 

1. For 1 < i < n{P), there is an adjacent pair {P 2 i-i, P21) in Rm,o o-nd 
matched with {Ph—iiP^i) * n suc ^ that 



(p(u 2i -i),p(ui2i-i)) 



{Pn-uPiij if i is odd, 
{P'2i-l,P2i) if * is even - 
Moreover, opos is Thurston equivalent to c^ 2n((S) _ 1 °s, and <3?(/3) 



P2n(fi)-X- 

2. Let [ip 2 j-i] and a 2 j-i effect the matching between the adjacent pairs 
(#y-l>$y) in R'mfl and ihj-l, P23) in R mfi , that is: 

{s,Y m ) ~Tp 2j _ 1 {c a2j _ 1 o S,Y m ) 

and 

a 2 j-l * ^2j-l(#y-l) = P23-U a 2j-l * lfaj-l{P2j) = Plj. 
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Write 

V>4j-3,4j-l = V^j-3 ° i>±j-i, Q!4j-3,4j-l = «4j-3 * ^4j-3,4j-l(a4j-l), 

and, for j < k, 

1p4j-3,4k-l = 4>4j-3,4j-l O ■ ■ ■ O '04fe— 3,4fc— 1 

^4j-3,4fe+l = 1p4j-3,4k-l ° V^fc+l) 
Q!4j-3,4fe-l = 04j-3,4j-l*V'4j-3,4j-l(a4i+l,4fc-l) = a4j-3,4fc-5*^4j-3,4fc-5 («4fc-3,4fc-l ) , 

and 

a4j-3,4fc+l = a4j-3,4j-l*^4j-3,4j-l(a4j+l,4fc+l) = a4j-3,4fc-l*V'4j-3,4fc-l(a4fc+l)- 

Then, for r = or 1, taking ipi-i to be the identity, and a±-i to 
be trivial, 

p{li) = ai,2*-3, S(7i) = [Vm.M-s], 
J «l,2i-3 * ^l,2i-3(#2i-r) if « IS odd, 

[«l,2i-3 * 1pl,2i-3{P2i- r ) = Q l,2i-1 * ^l,2i-l(#2i-r) if * is everL 

/n oi/ier words 

p{li *UJ 2 i-r) = ai,4Li/2j-l * ^l,4|i/2j-l(#2i-r)- 

Consequently if i is odd then p{ji * ui2i-i) and p{ji * U2i) are arbi- 
trarily small perturbations of 



Pl*tpl{P' 1 *P' 3 )*tpl,3{p3*p5)-- ■*^l,2i-5{P , 2i-5*p2i-3)*' l l ; ^i-3(p2i-3*p2i-l), 

and 



h * ifa. (P' 2 * P'a) * ^1,3 (& */%)■■■* ^l,2i-5(^2»-4 * ^-2) * ^l,2i-3(#M-2 * #2*), 

and i/ i is e?;en i/iey are arbitrarily small perturbations of 



Pl*4)l(l3[*p' 3 )*4> h3 (l3 3 *p 5 ) ■■ •*Vl,2i-5(/32i-5*/32i-3)*V'l,2i-3(/32i-3*/ 3 2i-l)> 

and 



#2 * V>1 (/? 2 * ^4) * ^1,3 (£4 * AO ■ ■ ■ * ^l,2i-5(#2i-4 * foi-2) * ^l,2i-3(/3 2 j-2 * #2*) 

In particular, 

HP) = ^ LnG8)/2j _i(ai,4[n08)/2]-l * £)■ 
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2.9. Remarks 

It does not seem to be true that if (3 E Z m (3/7, +, —,p) then 0J2n(B)-i {&) G 
^m,pi even for p = 0. Some calculations in Chapter [6] suggest that it might 
be true that, for such a (3, 

UJ 2n(/3)-l(P) £ Qm,p 

U ^m,p+l • 



The main statement in Theorem 2.8 is item 1. Since an adjacent pair 



(/?2i— 1 5 (hi) i n -Rm,o is only matched with an adjacent pair {^-1^2%) in 
R' m0 , and indeed any adjacent pair in Q m is only matched with one other, 
7i is uniquely determined by (u^j-i, ^2j) for j < i. More precisely 77*74+1 is 
determined by {oJ2i-i,^2i), and hence the same is true for the images under 
pand S. This is true whichever pairs (ct>2i— 1> w 2i) arise. But item 1 tells us( 
remembering that S is a group homomorphism and /O is not one, but is a 
twisted group homomorphism), that 



p(7i*7i+i) = 

and 

H(t**7;+i) 



a2i-i if i is odd, 
V ; 2i-i( 0; 2i-i) if « is even. 



I [V^i-l] if i is odd, 
I [V^-il if * is even 
So item 2 follows from item 1. 

Part of the proof needs some detailed analysis of the homeomorphisms 
■02i-i 2fe-i- The proof of this result is therefore given in two stages, partly 
in Chapter [3] and partly in Chapter |4j 

2 of |2.8| also suggests an algorithm for determining when two different 
captures op o s and a^o s are equivalent, for j3 and £ £ Z m (ai, +, +, 0). 
Write 

02i-l,/3j 02j-l,2fc-l,/3, «2j-l„3, QJ2j'-l,2Jfc-l,^ 

for -021-1, ^2j-l,2fe-l, "2j-i a2i-l,2fe-l in Theorem [2T8| Then 073 o s 
and ff^os are Thurston equivalent if and only if (Ajn(/3)-i(/3)> P2n(/3)(P)) = 
(/?2n(0-i(C) 5 ^2n(c)(C))- K P (, tnen it must be the case that /%(/?) / /3»(C) 
for at least one i. Theorem 1 1 . 9| will be proved simply by exploring how this 
is possible. 



CHAPTER 3 



Symbolic dynamics, paths in R m fi, and 
homeomorphisms 



The aim of this chapter is to analyse the homeomorphism which will 
arise as the homeomorphisms ip2i—i 2j-i which arise in Theorem 2.8 This 



will enable us to do much of the proof of Theorem 2.8 at the end of the 
chapter. 



3.1. Symbolic Dynamics 

Symbolic dynamics with respect to a Markov partition for h ai , or equiv- 
alently, for s 3 / 7 (using the semiconjugacy from s 3 / 7 to h ai ), underpin the 
analysis in this paper. We shall work almost exclusively with s 3 / 7 , in pref- 
erence to h ai . 

The Markov partition for s 3 / 7 is a partition of the unit disc. It is drawn 
below. This partition was also used in |22j . and introduced in section 2.9 
of that paper. The boundaries of the sets of the partition, within the unit 
disc, are the vertical lines joining e ± 2mr / 14: fo r 1 < r < 6. The labels of the 
closures of the sets of the partition are, as shown in Figure 3, Lj and Rj for 
1 < j < 3, and the central region C. We shall write D(X) for the closed 
set labelled X. We also denote by D(BC) and D(UC) the components of 
the complement in D{C) of the central gap of L 3 / 7 , where D(BC) is the 
component intersecting the lower unit circle and D(UC) is the component 
intersecting the upper unit circle, and the labels of these sets are BC and 
UC. 

The dynamics under s 3 / 7 are as follows: 

s 3/7 (D(La)) = s{D{R±)) = D(R X ) U D(R 2 ), 
s 3/7 (D(L 2 )) = s 3/7 (D(R 2 )) = D(R 3 ) U D(C), 
s 3/7 (D(L 3 )) = s 3/7 (D(R 3 )) = D(L 3 ) U D(L 2 ), D(C) = D{L X ). 

Also, s 3 / 7 {D(BC)) = s 3 / 7 (D(UC)) is the complement in D{L{) of the gap 
containing s(0). Note that s 3 / 7 is a homeomorphism onto image, restricted 
to D(Lj) or D(Rj) or D(BC) or D(UC), but a degree two branched cover 
restricted to D{C). 
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As usual in symbolic dynamics, we use words over the alphabet {Lj, Rj : 
1 < j < 3} U {C, BC, UC} to label subsets in the unit disc, so that for a 
word w = XoX\ ■ ■ ■ X n -i labels the subset D(w) where 

D(w) = n^ s -/ 7 (D(A>)). 

Then, as usual, D(w) 7^ if and only if w is admissible, that is, D(Xj) n 
s 3/7 (D(X j _ 1 )) ^ for < j < n- 1. We will use BC or UC rather than C, 
except for the last letters of words, but do not allow BC or UC for a last 
letter, using C instead. Under this convention, we have, for all admissible 
words Xq • • • X n -i, 

s 3/7 (D(X ■ ■ ■ X n _i)) = D(X 1 ■ ■ ■ X n _i). 

If w is an admissible word of length m > 1 (or m > 2) ending in L2C (or 
R1R2C), then D(w) contains a unique point of preperiod m — 1 (or m — 2) 
under s. We denote this point by and in this circumstance we will 

sometimes talk of w having preperiod m — 1 (or m — 2). 

3.2. Paths in R mfi 
All paths in i? m> o have endpoints in U°nZ m , where U° is the set defined 

by 

U° = uZoD(Lf +1 L 2 ) U D(BC) U^ D(L 2 3 +2l L 2 BC) \ U™ Q D{L\ +M L 2 BC). 

Not all points in U° D Z m are endpoints of paths in R m ,o, and some points 
are endpoints of two such paths in R m ,o-, but no point in U° n Z m is the 
endpoint of more than one path in Rmfi, and each path in i? mi o is uniquely 
determined up to isotopy preserving Z m by its first S^-crossing point and 
its final endpoint. 



3.3. PROPERTIES OF THE SEQUENCES w i: w' v w£(.,x) 
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The description of the paths uses finite sequences of words 

(wi(w,0) :l<i< n(w)), (u4(u;,0) : 1 <i < n(w)), 

for each w ending in C with D(w) C U°and 

(u4(u>,x) : 1 < i < n(w)). 

each w ending in C for D{w) C U x , for a certain set U x which will be defined 
3.7 Since we are only concerned in detail with R m ,o, and not with Rm,p 



m 



for p > 0, we write 

Wi(w, 0) = Wi(w), w'^w , 0) = w'^w) . 

For /3 £ Rmfl, we write w(/3) for the word such that the final endpoint 
of j3 is p{w{f3)), and also write 

The i'th unit-disc crossing of (3 is determined by as follows. If the 

last letter of w'^fi) is L3 or then the i'th crossing of is along the set 
D{w' i {j3){L2RzL^) 00 )^ which is a leaf of L 3 / 7 . To determine the direction 
of the crossing, we use the unique gap G of £3/7 which has this leaf in its 
boundary. The direction of the crossing is in an anticlockwise direction along 
the boundary of G. If i = n(x) then /3 crosses into G and ends at the point 
of GnZ m , starting at what would be the start point of a crossing of the leaf 
which is part of an anticlockwise circuit round G. 

Now suppose that the last letter of w[{l5) is BC. In this case, i < n(x). 
Let u' be the word obtained from by replacing the last letter by UC. 
Then i > 1, and u' and w[ both have w' i _ 1 as a prefix, while u' is a prefix 
of w'j for i < j < n(w(f3)). The words u' and then label disjoint subsets 
dD(u') and dD{w' i ) of {z : \z\ < 1}. The i'th. crossing by f3(w,x,0) of 
{z : \z\ < 1} is then from the first point of dD{w' j ) to the first point of 
dD(u'), using anticlockwise order on these intervals. 

3.3. Properties of the sequences Wi, w^, u^(.,x) 

The following properties hold for the sequences. Property 4 allows Wi{w) 
and w'^w) to be defined by induction on i, because there is always at least 
one occurrence of L3 or BC or UC after the last letter of Wi-\{w) and at or 
before the last letter of Wi(w). Similarly, Properties 5 and 6 will allow for 
an inductive definition of w'^w^x) if D(w) C U x . 

1. Wi(w) is a prefix of w of length increasing with i, and is also a prefix 
of w' i+1 (w) if i < n{w). 

2. w'^w) always ends in L3 or R3 or BC, and is a function only of i 
and Wi(w). 

3. w' 1 (w,x) = x if D(w) C U x 
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4. Let w = uy and D(y) C U . If \u\ < w\(w), then w\(uy) = uw\(y) 
and w[(uy) = uw' 1 (y). If w = uy and \u>i-i(w)\ < \u\ < \wi(w)\, 
then Wj(w) = uu)j-i(y) and w'Auy) = uw'j^y) for i < j < n(w). If 
w = uUCyi and Wi-i(w)\ < \ulIC\ < \uUC\, then Wj(w) = ulICy2 
where Wj-i(BCy) = BCy2, for i < j < n(x). 

5. If w = uy, where u = u\U2 and D{v\U2) C U x , with 

\u)i-i(w)\ < \ui\ < \wi(w)\ 

and 

\wi(viu 2 y)\ < \vi\ < \w2{viu 2 y)\ < \viu 2 \, 

then 

w'j(w, x) = uv 2 
for i < j < n(x), where 

v x v 2 = w'j_ i+1 (viu 2 y,x). 

6. If Wi{w) ends in BC or UC, then ^(u;, x) = w'^w). 

Thus itfj and w[ and u)-(.,a;) can be defined inductively from w\ and 
w[ and i/^x (•, x). The definitions are used explicitly in some sections of this 
article. We therefore include them here. For full details, see Chapter 7 of 
[22]. 

3.4. Definition of w\ 

We define wi(w) for w with D(w) C [7° and with u; ending in C. The 
definition also works for infinite words. The first letter of w is either BC or 
L3. If BC is the first letter, then w\(w) = BC. If L3 is the first letter of 
w, and io starts with L| or L^L 2 BC, then 101(11;) = L| or L\ respectively. 
Otherwise, w starts L^L 2 , and we look for the first occurrence of one of the 
following. One of these must occur if it; is preperiodic, that is, ends in C. 

0. An occurrence of C. 

1. An occurrence of xBC for any n > 0, where x is a maximal word 
in the letters -L3, L 2 , R3 with an even number of L letters. 

2. An occurrence of xUC, where x is a maximal word in the letters 
L3, L 2 , i?3, with an odd number of L letters. 

3. An occurrence of L\R 2 UC. 

4. An occurrence of R\R 2 BC . 

5. An occurrence of a string v\ ■ ■ ■ v n L^ which is the end of w, or is 
followed in w by L 2 , where: 

- Vi = {L z L 2 R^L^{L 2 R z ) m ^L^- 1 for i > 2, where m; + n = 3 
and <7i > 0; 



3.6. DEFINITION OF w[ 
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— either Vl = (L 3 L 2 i? 3 ) 91 L 3 (L 2 R 3 ) mi 1 for qi > and m x > 
land an odd mi +n > 3, or wi = XLxRf R 2 R 3 (L 2 R 3 ) m ^ L^ 1 " 1 
for 3 < r\ < 5, and m\ > 0, and p\ > 0, and X = 1?C or U C; 

— v n L 3 is either followed by L 2 , or is at the end of w; 

— the string v\ - ■ ■ v n L 3 is maximal with these properties; 

— n is odd. 

We note that the term {L 3 L2R 3 ) qi with qi > 0. was missing in the 
definition of [22]. This is relevant to the calculations in this paper, because 
we shall have examples with qi = 1 for some i. 

We define wi(w) to be the prefix of w ending in the occurrence listed 
- except in case 1 when n > 0, and in case 4 when w ends in L1R1R2BC, 
and in case 5. In case 4, we define wi(w) to be the word up to, and not 
including, this occurrence of L1R1R2BC , and W2(w,0) to be the prefix of 
w ending in this occurrence of L1R1R2BC . In case 5, if the maximal string 
of words of this type is v 1 • • • v n , then we define wi(w, 0) to be the prefix 
ending with v n L^. 

3.5. Definition of w 2 {w) if D(w) C D{BC) 

Now suppose that the first letter of w is BC. Then w starts with 
(BCL\R2) k for a maximal k > 0. Then we define W2(w) = w if there 
is no occurrence of cases 1 to 5 above. We define W2(w) to be the prefix of 
w defined exactly as wi(w) is defined when w starts with L3, if there is an 
occurrence of one of 2 to 5. 

3.6. Definition of w[ 

Now we define ti/^u^O) = w[(wi,0). If w = C or if w\ starts with BC 
or L|, then we define w^w, 0) = L3. Now suppose that w starts with L3L2, 
and we assume that one of cases to 5 holds, which, as pointed out, is 
always true if w ends in C. 

0. w[ is the same length as w±, ending in L3, if preceded by a maximal 
subword in the letters L3, L2 or R3 and with an even number of L 
letters, or ending in R3 if preceded by a maximal subword in the 
letters L3, L2 or i?3 and with an even number of L letters, such 
that D(wi) and D(w\) are adjacent. 

1. Let w'l be obtained from w\ by deleting the last {UCLiR2) n BC, 
and adding C. Then w[ is the same length as w'l, ending in L3, 
such that D(w' 1 ) and D(w'{) are adjacent. If n > then, w' 2 is the 
same length as w'{, ending in R3, such that D(w' 2 ) and D(w'{) are 
adjacent. 
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2. Let w'l be obtained from w\ by deleting the last U C and adding 
C. Then w[ is defined similarly to 1, but ending in R3. 

3. w'i is obtained from w\ by replacing the last letter by BC. 

4. If w\ ends in R1R2BC, then w[ is obtained from w± by replacing 
the last letter by R3L2R3L3. If w\ is extended in w by L1R1R2BC , 
then w'^w, 0) is the word of the same length as w±, with D{w' l ) to 
the left of D(v'), where v' is obtained from w\ by replacing the last 
letter by C . We then also define w' 2 (w, 0) = v" , where v" is of the 
same length as v' , with D(v') between D(w[) and D{v") = D(w' 2 )- 

5. The word is obtained from w\ by deleting all but the first letter 
of v n Ls if n > 1, or if n = 1, mi + n = 3 and the first letter of i>i 
is L3. In the other cases with n = 1, the word is obtained from 
101 by replacing the last L| by L2R3L3 if ?r > 3, by deleting the 
last if ri = 2, and by deleting the last (Z^-Rs) 2 -^ if ?"i = !■ 

3.7. Definition of w[(., x) 

This definition generalises the definition given in [22j . where the only 
possible value of w[(.,x) was x, and this was defined only for w with D(w) C 
C/^, for a proper subset t7 x of U°. 

For z > 1 we define io^(io,x) = w'^w) except if w = uy\v or UI/2V, 
where Wi(w) = U1/1L3 or U1/2L3 and D(v) C D(L,3L2) is to the right of 
D{x{L 2 RzL3) ca ) and 

(yi.Ite) = (i3(^2 J R3) 2 ^|,^3(i 2 ^3) 2j+2 ) 

for some j > 0, or 

(2/1,2/2) = {L3{L2R3) 23 LiL3{L2R3) 2j - 1 LlL2R3) 
for some j > 1. We then define 

^(uyiu,ac) = w' i (uy 2 v) = w' i (uy2L 3 L 2 ), w' i (uy 2 v,x) = w'^uyiv) = ^(nyiL 3 L 2 ). 

We then define U x to be the union of all D(w) with w'i(w, x) = x. This 
agrees with the definition given in |22j. 

The definition of w'^.^x) might seem as if it comes from nowhere. It is 
actually related to certain homeomorphisms which determine the group ac- 
tion on the universal cover of V% im , and hence suggest possible fundamental 
domains for this action. Homeomorphisms of a similar type also play an im- 
portant role in the current work, since each capture path is equivalent under 
the group action to precisely two vertices of the fundamental domain. In 
both cases, the homeomorphisms act on both paths and on Z m , and, in both 
cases, exchangeable pairs are important indefining the homeomorphisms. 



3.8 
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3.8. 



For the proofs of the main theorems of this paper, we need to analyse 
the homeomorphisms ipAj-3,Aj-i,^ = ^4j'-3,/3 ° ^y-i /3> which are defined in 



2.8 and 2.9 These definitions assume the existence of (3e(f3) for I < 4j with 



the properties claimed in 2.8 The proof of the existence of the (3e((3) will 
be inductive, and the existence of /3^j + t(P) f° r 1 < i < 4 will involve an 
analysis of the homeomorphisms ip4k-3,Ak-i,/3 for k < j. 

More generally, we consider homeomorphisms ip^ >ri = ^(Oip^ 1 whenever 
(CC2) arid (77,772) are adjacent pairs in R m ,o, with C < C2 and 77 < 772 , and 
ip^ matches (£, (2) with the adjacent pair ((' , (2) in R' m , while ip n matches 
(77, 772) with (77', 77 2 ). This means that there are [a^] and [a v ] G iri(C\Z m , 00) 
such that 

K*V>c(C')] = [C], [a C *^(C 2 )] = [C 2 ] 

and similarly for 77. 

We start with a very common lemma which has been used many times 
in the course of preceding work to compute the homeomorphism ip such that 
(s, Y m ) ~^ (era o s, Y m ), and, in particular, to bound the support of ip. 

Lemma 3.8.1. Suppose that a is a closed lop based at V2 = 00 which is 
trivial in 7Ti(C \ Yq,V2)- and suppose that ip is a homeomorphism such that 
(Sj Y m 

) —tp (o~ a s, Y m ). Then ip can be defined inductively by the equations: 
tpi is the identity in Mod(C, Yo), ip = ip m > an d 

S = Ou s O 1pi 

and 

iPi = ip i+1 in Mod(C, Yi) 

and 

ipi o s = a a o s o ipi + \ 
Alternatively we can define V'i+i by 

tp i+1 =^ i oip i 

where 

£0 = tpi 

and 

& = identity in Mod(C, Yi) 

and 

a a o s o = ^ o a a o s. 
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Proof. It is clear that if ipi are defined by the first set of equations, 
and ip = ip m , then ip has the required properties. So it remains to show that 
the alternative definitions are equivalent to the original ones. If we have 

(3.8.1.1) ipi o s = a a o s o ipi + \ 
and 

(3.8.1.2) ^ + ios = ff a o S o^ +2 , 

then writing ipi+\ = £i ° ipi and V'i+2 = ipi+i in the second equation 
we have 

& ° ipi ° s = a a o s o o 
Combining these, we obtain 

£i o (T a o s o ip i+1 = a a o so o ip i+1 

which gives 

(3.8.1.3) & o a a o s = o a o s o 



Conversely, we see that (3.8.1.3) implies (3.8.1.2) given (3.8.1.1), as required. 

□ 

This can be used to bound the support of V ! l,4j-l> but, as it turns out, 
a variant of 13.8. II is more useful. We recall from 12.81 that 

s a a o s 

where a = ol\m—\ where 

ai,4j-l = «1,3 * ^1,3(05,7) * • • • * V'l,4j-5)(a4i-3,4j-l)- 

Writing 

a4j-3,4j-l,l = '01,4j-5(a4j-3,4i-l), 

we have 

«l,4j-l = "1,3 * "5,7,1 * • • • * a4j-3,4j-l,l • 

We then write £?4j-3,4j-i,i for the topological disc enclosed by the closed 
loop CL\£j-z,kj-\- We are only interested in E±j-z£j-\,\ U P to homotopy 
preserving Z^. We have 

Hence if we define Vi,4j— 1,1 to be homotopic to the identity relative to Zo, 
and to satisfy the equation 



then we have 



s = a a o s o Vi,4j-i,i 



•01,47-1,1 = "01,3,1,1 O • • • O 04j-3,4j-l,l,l 
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where 

S = CTau-3,u-i s ° ^41-3,41-1,1,1 ■ 

the loop a4i-3,4i-i is a perturbation of 0:41-3 * if>a—3,ii—i («4i-i)- This is 
awkward to work with, simply because the effect of ^"4*— 3,4*— 1 on a M-\ is 
unclear. We will therefore employ a slightly different approach. 

We write Ern for an arbitrarily small neighbourhood of the closed disc 
bounded by a loop homotopic to * a^, where the homotopy preserving 

and the disc does not contain V2 = C2 = 00. Naturally, we wish to apply 
this in the case (C,f?) = ifiu-ziP), for (3 G Z m (3/7, +, +, 0), once 

the existence of Pe(P) as in Theorem 2.8 has been established for t < 4i. 
We shall therefore be particularly interested in the following in the case 
(C,V) = (fiusiP), for varying i. 

Lemma 3.8.2. If k is the smallest integer for which a^ iT] = * is 
nontrivial in 7Ti(C \ Z^vi), then ip£ o = ip^ jT) = V^/m+i can be defined 
inductively as an element of Mod(C, Y m+ \) by the equations 



(3.8.2.1) 

and for k < £ < m 
(3.8.2.2) 



(T a<rj o SO -0C,r),fc+l 



a a( o so ^ )V! £ = Cc,v,£-1 a a c s - 



(3.8.2.3) 

It follows that the support ofif)^^^, up to isotopy preserving Z m , is 



U 



Ki<l 



-(Co 



o s 



Proof. We have 
(3.8.2.4) 

(3.8.2.5) 



a ac o s o ^ = ^ o s rel Y m+1 , 
o- av o S o Iprj = ipr, o s rel Y m+1 . 



Here, [tp^] and are the only elements of Mod(C, Y m+ \) satisfying (3.8.2.4) 
and (3.8.2.5) respectively. Now (3.8.2.5) gives 

(3.8.2.6) ip' 1 o a ar) o s = so ip' 1 rel Y m+1 . 



Then combining (3.8.2.4) and (3.8.2.6), we have 

(3.8.2.7) a aQ o so ij)^ = ^ o s o ip" 1 = t/j^ o<r^os rel Y m+ \. 



If this equation is satisfied by [x] replacing [^ lT) ], then (3.8.2.4) is satisfied 
with [x o ip v ] replacing [ip(], which implies that [x] = [ip(,ri]- So (3.8.2.6) 
uniquely determines £ MG(C, Y m +i). 
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Now we define V^.^fc+i by (3.8.2.1) and [V^fc+i] = [identity] in MG(C, 
and define ipn,C,k to be the identity, we have 

Then we clearly want to define ip^^^+i in terms of iftcv/ by h^Cn^+l] = 
[ip <jV)i \ in MG(C, Ye) and: 

(3.8.2.8) %l v A^v) 0ff «(° so Vw+i = VW ° s > 

If we do this for £ < m + 1, then we will have [V'C,»?,rrt+2] = [i/'fnm+l] i n 

MG(C,y m+ i) and ( 3.8.2.6 ) is satisfied by V>c r/,m+i replacing V'C,'?' which, as 



we have seen, implies that [^^ im+ x] = bPcd Now (3.8.2.8) is equivalent to: 



(3.8.2.9) cr , 1 ^ ^ o cr Qc o s o o = ^c^i-l ° V'f ,»?,£- 



i o s. 



But then this gives, by (3.8.2.8) with £ — 1 replacing £, 



Then this gives 
which gives 

a ac o s o ^ tVjl = ^ tV) £-i oa a< o S 
which gives (3.8.2.3), from which we see that the support of £,C,v/ * s 



and hence we also have the required expression for the support of ipc,^,i- 



D 



3.9. Basic exchangeable pairs 



From 3.8.2, we see that tptn ls a composition of exchanges between sets. 
Restricted to Z m , each of these exchanges is just an involution. If * 
is a simple closed loop up to homotopy, then ip^ iT) is a composition of disc 
exchanges, first between the two halves of E^ „ and then between two discs 
in each component of (o- a( o s)^' l (E^ trj ) for increasing i. 

An exchangeable pair (for Q) is a notation for keeping track of inverse 
images of sets E = E^^ under (a ac os) n , and hence for describing the support 
of V'c.r/- We shall see later that a component of (cr a( os)~ n (E) coincides with 
a component of 



s- n {E)U{a c os 



X-nt „-\ 



0- 



In all cases that we shall consider, we shall have E C D(L^L-i) or E C 
D(BC), and the intersection of £ with the unit disc will be with D(L^L2), or 
the union of D(BC) and the single leaf of £3/7 joining e =t 27 ™( 2 / 7 ) respectively. 
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It follows any component C is coded by an exchangeable pair for £ which 
is denoted by v\ o^, possibly with the words "top" or "bottom" attached 
to v\ and V2, where v\E and V2E are the components of s~ n E within C, 
and "top" or "bottom" indicates that the component of (a^ o s) 1 ~ n (s (()) 
attached to {v\E or V2E) at a point on the upper or lower unit circle. We 
shall write C = C(v\ -<->• V2, E) or C(v\ V2) if it is clear what i? is. Strictly 
speaking, we should include the path £ in the notation, but in the cases 
which we consider, (" is usually a path in R m fi for which w[(() is known, 
and the words ii^(C)> which encode the unit-disc crossings of £, coincide 
with w'j(vx) = w'j(v2), and hence £ can be computed from v\ (or U2). At any 
rate, v\ and i>2 are admissible of words of the same length n in the letters 
{Lj,Rj, BC, UC : 1 < j < 3}. Of course C(v\ U2) = C(u2 o i>i), and so 
i>i f-> t>2 and V2 -H- ui are naturally equivalent. If C = C{v\ f> ^2) does not 
intersect £, then (a^ o s) _1 (C) = s _1 (C). If in addition the left-most letters 
of v\ and V2 are the same, then the components of (a^ o s) _1 (C) = s (C) 
are C(ui U1V2) and C(ii2fi ^ U2V2), where u\ and «2 are the letters such 
that u\Vj and v,2Vj are admissible for one, and hence both, j. 

The length of an exchangeable pair v% ^2 is the length of - 
which is equal to the length \v2\ of V2- 

Basic exchangeable pairs are defined inductively. The only basic ex- 
changeable pairs of length 1 are L3 i?3 and L2 i?2- We define 
C = C(Li <-)■ to be the set obtained by joining D{L{) and D(Ri) by 
an arc along the unit circle which joins a point on dD(Li) in the lower 
unit circle to a point in dD(Ri) in the upper unit circle. Now let n > 2. 
Then i>i u 2 is a basic exchange of length n if and only if a component of 
s~ n {C) is the union of sets D(v\) and D{v2) and an arc joining them. Thus 
if v\ -f-7- ^2 is a basic exchange of length n, and v [ and v' 2 are the suffixes of 
v\ and V2 of length to for some m < n, then o v 2 is a basic exchange of 
length to. In particular the last letters of v\ and V2 are Lj and Ri for i = 2 
or 3. If % = 3, we say that t>i O ^2 is a 6asic exchange for L3 — because 
s -1 (jD(I,3)) = D(Z|) U D(R 3 L 3 ) — and if i = 2 we say that H ^ is a 
tesic exchange for BC — because s^D^SC)) = D{L 2 BC) U D(R 2 BC). 

It follows that a basic exchange vi -H- U2 is an exchange for £ if, for any 
m with 1 < m < n, the arc in ■<-> i> 2 ) does not intersect £. It turns out 
that a basic exchange v\ o V2 is automatically an exchange for £ S -R m ,o if 
all the unit disc crossings of £ 6 i? m> o are i n D(L 3 ), and either and U2 have 
no common letters in the the same positions, or there are common letters, 
and, among the common letters, if there is an occurrence of L3, it is the first 
letter of each word. This becomes apparent from computing all the basic 
exchanges v\ H »2. We now do this. This calculation was also carried out 
in |22j . If v\ o V2 is a basic exchange, and the first letters of v\ and V2 are 
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the same, or can admissibly be preceded by the same letter, then uv\ o UV2 
is a basic exchange for any word u such that uv\ is admissible. Therefore 
we only need to compute those basic exchanges v\ v<i such that all the 
letters in the same positions of v\ and vi are different. Also, of course, we 
only have to compute up to equivalence, that it, up to interchanging v\ and 

We start with basic exchangeable pairs for L3 . The unique exchangeable 
pair of length one is 



(3.9.0.10) 



L 3 (bot) <H> (top)i? 3 



Since L3E C D{L\L,2) and R3E C D(RsL3L2), for any £ 6 R m ,0i the only 
possible intersection between C(L3 o R3) and £ is with the initial segment 
of C> before the first intersection with S . Up to homotopy preserving S 1 
and Zoo, we can assume that C(Lz i?3) n {z : |z| > 1} is close to the 
clockwise arc of the unit circle between R3E and L3E, mostly close to the 
lower unit circle, and not intersecting £. The only exchanges of length 2 are 

(3.9.0.11) £3 (top) O (bot)L 2 R 3 

and 

(3.9.0.12) i? 3 L 3 (bot) o (top)^ 2 -R3 

These are both basic. The only exchanges of length 3 are 
(3.9.0.13) ^'(top) o (top)L 3 L 2 #3, 



(3.9.0.14) 
(3.9.0.15) 



L|(bot) o (bot)i?3L 2 ii3, 
L 2 i? 3 ^3(top) O (bot)LiR 2 R 3 , 



(3.9.0.16) R 2 R3L 3 (bot) o (top)R 1 R 2 R3. 

Of these, only the component represented by ( |3.8.2.4 ) might intersect (,. If 
we assume, as will always be true, that L3L2R3E is disjoint from £ - in fact 
it is always disjoint from E U £— then this too is basic. 

The following was computed in [22], and is easily checked. The ex- 



changes are grouped together so that those in (3.9.1.1) are derived from 



(3.9.0.13), those in (3.9.1.2) are derived from (3.9.0.14) and those in (3.9.1.3) 



from (3.9.0.15), with (3.9.0.16) being the last one in the group (3.9.1.3). 



Lemma 3.9.1. The complete list of basic exchangeable pairs a -H- b for 
C, for which the first letters of a and b are not the same, but for which the 
letters preceding a and b in any inverse image has to be the same, is as 
follows, where n is an integer > . In all cases, if one of a and b has all 
letters in the set {L3, L2, R3} , then b has been chosen to have this property, 
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and if both a and b have all letters in {L 3 , L 2 , R 3 } then D(b) is chosen to be 
to the left of D{a), if the exchange is along the bottom of the unit circle, and 
to the right if the exchange is along the top of the unit circle. Any other basic 



exchanges are represented by suffixes of these. In (3.9.1.1) to (3.9.1.3), the 



connection in C between D(a) and D(b) is between the nearest component 



of dD(a) n S 1 and dD(b) D S , while in (3.9.1.4) the connection is between 



the furthest component of dD(a) n S 1 and dD(b) n S . 



(3.9.1.1) 

L 2 {UCL 1 R 2 ) n RzLl{bot) o (bot)L 3 (L 3 L 2 R3) n+1 
BCL^UCL^yRzLMhot) o (bot) R 3 L 2 R 3 {L 3 L 2 R 3 ) n+1 



R 1 R 2 (UCL 1 R 2 ) n R 3 L 3 L 3 (tov) o (top) R 2 R 3 (L 3 L 2 R, 



\n+l 



(3.9.1.2) 

L 2 {BCL l R 2 ) n R 3 L 2 R 3 {to V ) o (to V )L 3 (L 3 L 2 R 3 ) n Ll 
UCL 1 R 2 (BCL 1 B2) n R & L 2 R 3 (top) o (top) R 3 L 2 R 3 {L 3 L 2 R 3 ) n L% 
RMBCLiR^RsLMtop) o (top^^s^s)^!, 



(3.9.1.3) 



L 2 ( J BCL 1 i? 2 )™+ 1 i? 3 (top) O (top) L 3 (L 3 L 2 R 3 ) n+1 L 3 
UCLMBCL^rRsitop) (top) R 3 L 2 R 3 (L 3 L 2 R 3 ) n L 3 
RMBCLrR^'^R^bot) (bot) R 2 R 3 (L 3 L 2 R 3 ) n+1 L 3 , 
R 2 R 3 L 3 (bot) <-> (top)R 1 R 2 R 3 



For a word u ending in L 3 or R 3 , we define i = i(u) to be the largest 
integer such that Wi(uL 3 L 2 ) is a proper prefix of uL 3 L 2 — defining i(u) = 
if wi(uL 3 L 2 ) = uL 3 L 2 . The exchanges a •<-)■ b for which v can be chosen 
so that i(vbL 3 L 2 ) = i(vaL 3 L 2 ) = 1 and w' 1 (vbL 3 L 2 ) ^ w' 1 (vaL 3 L2) , and 
both D(va) and D(vb) intersect the upper unit circle in D(L 3 L 2 ), are pre- 
cisely those for which v = vqVi, where all letters of v\ and a and b are in 
{L 3 , L 2 , R 3 } and VqVi starts L 3 L 2 and v\ starts L 3 and all subsequent letters 
are in {L 2 , R 3 }, and i(voL 3 L 2 ) = vqL 3 L 2 . These are derived from the first 
lines of \3. 9.1.1]) and (3.9.1.2) and (3.9.1.3). The exchanges v\a v\b are 
all of the form 

,„ ul L 3 (L 2 R 3 ) 2t+1 LlL 2 R 3 (bot) o (hot)L 3 {L 2 R 3 ) 2t+2 Ll 

1 ' ' L 3 (L 2 R 3 ) 2t + 2 (bot) o (bot)L 3 (L 2 R 3 ) 2t Lj. 

For these exchanges we have 

i(v\b) = i(v\a) = 1 = i(va) = i(vb), 



w[(vaL 3 L 2 ) = v w' 1 (viaL 3 L 2 ), w[(vbL 3 L 2 ) = vow'^vibL^) , 
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and 
In fact 



w[(via) 7^ w[(vib). 



w[(L 3 (L 2 R 3 ) 2t+2 L 3 L 2 ) = L 3 (L 2 R 3 ) 2t , 



w[(L 3 (L 2 R 3 ) 2t L 5 3 L 2 ) = L 3 (L 2 R 3 ) 2t L 2 , 

W [(L 3 (L 2 R 3 ) 2t+1 L 2 L 2 R 3 L 2 L 2 ) = L 3 (L 2 R 3 ) 2t , 

w[(L 3 (L 2 R 3 ) 2t+2 L 3 3 L 2 ) = L 3 (L 2 R 3 ) 2t+3 L 3 . 

The exchanges a o b for which v can be chosen so that vb starts with 
L 3 L 2 with 

i(vbL 3 L 2 ) = i(vaL 3 L 2 ) = 1, w[(vbL 3 L 2 ) = w[(vaL 3 L 2 ), wi(vbL 3 L 2 ) / w\(vaL 3 L 2 ) 

and such that D(vb) intersects the upper unit circle, and D(va) does not, 
are obtained from the second lines of (3.9.1.1) and (3. 9.1. Sty and the first 



two lines of (3.9.1.3). They are as follows, where n is any integer > 
(3.9.1.5) 

L 3 (L 2 R 3 ) 2t L 2 BC 'LMV C 'L x R 2 ) n R 3 L 2 (bot) o (bot)L 3 (L 2 i? 3 ) 2 '+ 2 (L 3 L 2j R 3 ) n+1 
{BCL l R 2 ) n+1 R 3 L 2 R 3 (bot) o {bot){L 3 L 2 R 3 ) n + l Ll, 
(BCL^r^R^top) o (bot) (L 3 L 2 R 3 ) n+1 L 3 

The first of these can be prefixed by any word v such that w\{yL 3 L 2 ) = 
vL 3 L 2 . The last two can be prefixed by (v\L 2 , v\L 3 ) or by (v 2 UCLiR 2 , v 2 R 3 L 2 R 3 ) 
for any v\ andv 2 such that wi(v\L 2 L 2 ) = v\L 2 L 2 andw\(v 2 R 3 L 2 R 3 L 3 L 2 ) = 
v 2 R 3 L 2 R 3 L 3 L 2 . 



The pairs (a, b) as in (3.9.1.4) are precisely those for which w'^vb^L^ = 
y 2 and w' 1 (vaL 3 L 2 ) = y\ with y\ / y 2 , and such that the set U' y2 con- 
tains D(vbv 2 ) if and only if w[(v 2 ) > w^y^, and contains D(vav 2 ) if and 
only if w^vi) < w[(y 2 ), while the set U yi contains D(vav 2 ) if and only if 
^1(^2) > 2/1) an d contains D(vbv 2 ) if and only if w'^vi) <y%. It follows that 
D{vav\) C U yi n U y2 if y\ < w[(vi) < y 2 and that D(vbv\) is contained in 
neither U yi nor U m if y\ < w[(vi) < y 2 . In fact, D{vbv 2 ) is not contained 
in any U y if y\ < w'i(v 2 ) < y 2 . 

3.10. Exchangeable pairs for BC 

For convenience, we list the basic exchangeable pairs for BC. These are 
obtained by changes to the later letters in the pairs above and are as follows: 



(3.10.0.6) r3 



BCL^ibot) <-> (bot)L§L 2 , 
L|L 2 (top) o (top) L 2 BCLiR 2 . 



(3.10.0.7) L 3 (L 3 L 2j R 3 ) n L 2 L 2 (top) o (top) L 2 {BCL 1 R 2 ) n+1 
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for some n > 1. 



(3.10.0. 



R 2 R 3 L 2 L2 ^ R1R2BC L1R2, 

R 3 L 2 R 3 LlL 2 (top) O (top)UCL 1 R 2 BCL 1 R 2 . 



R2R3L2 <-> i?fi? 2 ), 
R3L2R3L3 <H> UCL1R2R3), 
(3.10.0.9) L 3 (L 3 L 2j R 3 ) n L 2 (top) O (top))L 2 {BCL 1 R2) n - 1 BCL l R l R2, 
R 2 R 3 (L 3 L 2 R 3 ) n L2 <-> R\R2{BC L\R2) n ^ 1 BC L1R1R2) , 
R 3 L 2 R 3 (L 3 L 2 R 3 ) n L 2 (top) o (top)C/CL 1 i? 2 ( J BCL 1 i? 2 )' 1 - 

3.11. Exchangeable pairs for (C,^) 

Now we return to the question of when a component C of s 2 ~ l (a^ o 
s)~ 2 (E) coincides with a component of (<7 a . o s)~ l (E), for E 1 = -E^, and 
can therefore be coded by basic exchangeable pairs. Coincidence fails when 
C is in (<7 ac o sy~ l (C) for a component C" of s 2 ~^(a^ o s)~ 2 (E)) for some 
j < j and C" n a c / 0. Now C" = C[ U C 2 U £ r where Cj[ and C 2 are 
components of s~ 3 {E) and r = 1 or 2, and £1 and £ 2 are the component of 
s J '((<7£ o s) In our cases it will always be true that 

(C[ U C 2 ) n q c = 

and 

fna c = fnC 

This will be proved in 4.12.1 This means that components of (o~ a( o s)~ l (E) 



will be components of (cr^ o s) 2 ~ l (<7£ o s)~ 2 (E)). We shall call these ex- 
changeable pairs for (C^l)- 

This coding, as before, is inductive. Exchangeable pairs for (£, 77) (and 
L 3 or BC) are the same as basic exchangeable pairs for length < 3, and 
indeed all the exchangeable pairs a b for (£, 77 for which corresponding 
letters in a and b are all different are the same as the basic ones. In general 
the exchangeable pairs a 6 of length n are of the form xa\ f-> x&i for 
exchangeable pairs ai f-> 61 and letters x such that xa\ is an admissible 
word. (In that case xb\ is admissible also as we are assuming that a\ and b\ 
can be preceded by the same letter.) The exception is when the component 
of s 2 ~ n (l r )) corresponding to ai(top) f-> (top)&i intersects The inverse 
image exchangeable pairs (for L 3 )are then 

L 3 ai(bot) o R 3 h, L 3 &i(bot) <-> i? 3 ai 



Then the coding proceeds inductively. 
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Relatively few letters can be different in an exchangeable pair a b. 
For a basic exchangeable pair the only pairs for which more than the last 5 
letters differ are 

• UCL i i?2 i?3 L2 i?3 R3L2 R3 -L3, 

• pairs o for which 01 (and b\) has length < 4 and the 
first two letters of (u\,U2) are (L^BC, L 2 ,) or (UCL%, R3, L2) or 
(R1R2, R2R3), the last letters are (i?2,-R3) and the rest is a suffix 
of ((BCLilfc)*, (L 3 L 2 R 3 ) n ). 

The exchangeable pairs for (£, 77) are the same except that some more 
letters in a and b can be different. If w'u(Pi) = u k then any exchangeable 
pair for (£,77) 1S °f the form 

M r .a r u r ._ia r _i • • • u\a\ it r & r « r _i& r _i • • • K1&1 

where 

• a« -H- 6j is a basic exchangeable pair 

• D(u ki ) is between D(uidi) and D(u{bi) for some fcj and 2 < i < r. 



We have the following extension to 3.9.1[ which follows from the defini- 
tion of the Wj(u) and w'j(u). 

Lemma 3.11.1. Let v v' , be an exchangeable pair for (C,v)- R° r an U 
prefixes u and u' of VL3L2 and v' L3L2 with \u\ = \u'\, we have the following. 
The largest integer i = i(u) such that Wi(u) is a proper prefix of u is the 
same as the largest integer k such that Wi(u') is a proper prefix of u' . Write 

v = max ■ ■ ■ utat, v = u\b\ ■ ■ ■ uth. 

If k{u\L^L-i) > 1 then 

w[(uiai) = w[(uibi) = w[(v) = w[(v'), 

and this is also true if ' i{u\a{) > 1, except for certain choices of {a\,b\) as 



specified in (3.9.1.5). 



3.12. The homeomorphisms tp m ,q- 

As in [23 , we let f3 q : [0, 1] — > C be the capture path which crosses the 
unit circle at e 2mq and ends at the point /3 q (l) 6 Z(s) in the unique gap of 
L3/7 with e 2mq in its boundary. Thus, f3 q is defined for all q such that e 2mq 
is in the boundary of a gap of L 3 / 7 . If (3 q (l) is strictly preperiodic, then (3 q 
is a type III capture map and o$ o s is type III branched covering. If (3 q (l), 
is periodic then we define Cq '■ [0, 1] — > C to be the unique path such that 
s Cq = Pq an d Cg(l) is periodic under s. In this case a^ 1 o o~p q o s is a type 
II branched covering and (3 q is a type II capture path (by definition). An 
example is given by q = 2 . This is the most important example for us. 
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In 3.3 of [23J we gave a proof (not new in any essential way, of course) 
that 

a Cv7 ° <%/7 ° s ° °h n ° s 

We then used ^0,2/7 to define a sequence of homeomorphisms ^,2/7 an d a 
sequence of closed loops a m ^/7, for all m > 0, and satisfying the following 
properties. 

1. a TO) 2/7 is an arbitrarily small perturbation of f3 2 /7 * ^,2/7(^5/7) 
which bounds a disc disjoint from the common endpoint of #2/7 
and /S5/7, for all m > 0. 

2- ^m+1,2/7 = £m,2/7 V>m,2/7 f° r all m > 0. 

3. V'm+1,2/7 an( i ^m,2/7 are isotopic relative to Y m for all m > and 
£ m is isotopic to the identity relative to Y m for all m > 0. 

4 - °"«m, 2 /7 ° s ° V'm+1,2/7 = V>m,2/7 ° s and and crg 2/7 o s o £ m+ i i2 /7 = 

£m,2/7 ° for a11 »™ > 1. 

In the definition of ipm,2/7 an d a m ,2/7 m [22J, we started with the defi- 
nition of ^0,2/7- But we might as well start from ip 2 , 2/7 an d £1,2/71 because 
then 1 to 4 can be used to defined VVt,2/7 an d £ m ,2/7 an d a m ,2/7 inductively 
for all m > 2. (Of course, this will also give the definition of V'1,2/7) as 
^2,2/7 = £1,2/7 ^1,2/7-) The homeomorphism ^2,2/7 is a composition of an- 
ticlockwise Dehn twists round the boundaries of four topological discs, two 
larger disjoint discs and two smaller discs, one contained in each of the oth- 
ers. The two larger discs are called D + and , both contained in the unit 
disc, symmetrically placed about the origin, with D + bounded by the leaf 
of -L3/7 — just a vertical line up to isotopy preserving Z — joining e 27n ( 5 / 14 ) 
and e 27rJ ( 9 / 14 ) ~ an d D_ is its symmetric copy bounded by the leaf joining 
e 2?n(i/7) an( j e 27ri(6/7)_ ^he two smaller discs are the components of s~ l (D ). 
The homeomorphism £1,2/7 is the composition of anticlockwise Dehn twist 
round the boundaries of the components of s~ x (D_ 2/7), and of a clockwise 
twist in an annulus A\^n. This annulus bounds a disc disjoint from 00 and 
containing D + . Its intersection with the unit disc is the set bounded by 
one vertical leaf joining e 27r ^ 2 / 7 ^ and e 27r ( 5 ' 7 ) , and one joining e 27n ( 5 / 14 ) and 
e 27™(9/i4)_ A clockwise twist in the annulus means, up to isotopy, a clockwise 
twist round the outer boundary composed with an anticlockwise twist round 
the inner boundary. 

From the definitions, it will be seen that ^2,2/7 is the identity on /3 5 / 7 
and hence 02/2/7 is an arbitrarily small perturbation of #2/7 * #5/7 • For any 
path 7 based at 00 we also have 



«m,2/7 * ^m,2/7(7) = #2/7 * Vv t ,2/7(AV7 * T)- 
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For 7 G 2(3/7, +, 0), ^2,2/7 is the identity on /3 5 / 7 * 7 and hence for all 
m > 3, 

a m , 2 /7 * ^ m ,2/7(7) = ft/7 * Cm-1,2/7 • • • £2,2/7(^5/7 * I)- 

In order to proceed further we need to give some more information about 
the homeomorphisms £1,2/7 f° r i > 2. The support of £2,7 is a union of annuli 

A i,2/7 U Q, 2 /7 where 

\2/7 = (?fa /7 ° (^-1,2/7) 

for all i > 2 and 

Q,2/7 = (°"/3 2/7 s) _1 (Cj-l,2/7) 

for all i > 1. 

Previously in this chapter, we have used homeomorphisms which are 
compositions of disc exchanges. The homeomorphisms £$2/7 are a bit differ- 
ent, because each component of the support is a topological annulus rather 
than a topological disc. Within each annulus of components of in- 

tersection with the unit disc are cyclically permuted by £2,2/7; u p to isotopy 
preserving Z m , for any fixed m > i, with each component of intersection sent 
to the next one in the clockwise direction. Within each annulus of Ci,2/7 the 
components of 

s^iU : \z\ < 1} \ dd n {z : \z\ < 1}) 

are cyclically permuted, with each one sent to the next one round in an 
anticlockwise direction. It is therefore possible to code the action of these 
homeomorphisms using words. This was done in section 7.2 of |23j. 

We have already defined ^1,2/7- The set Co.2/7 is simply the comple- 
ment in D_ 2/7 of a sufficiently small disc neighbourhood of s(v\) that the 
intersection of the neighbourhood with Z is simply s(vi). The sets ^2/7 
and Ci,2/7 therefore have empty intersection with Z{ U {00} = Yi, but do 
intersect Zi + \. The branched covering crg 2/7 o s is of degree one or two on 
each component of ^,2/7 and C i:2 /7, and both are possible. 

We now give some pictures of these sets. 

The permutations of sets D(w) in these annuli include the following. 
The clockwise twist in A lj2 /7 preserves the single component of intersection 
D(L^) with the unit disc, up to isotopy preserving Z m , for any fixed m. In 
^2,/7 the permutation of components of intersection is indicated by: 

L\ -> (top) R 3 L 3 ->■ (bot)L|. 

Here, "top" immediately preceding the word indicates a component of ^2,2/7^ 
{z : \z\ > 1 ending on the top of the unit circle and "bot" immediately pre- 
ceding the word indicates component of ^2,2/7 H {z : \z\ > 1 ending on 
the bottom of the unit circle. In fact, in this example, one component of 
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Figure 4. A 3 ^/7 
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Figure 5. A^ 2 p 
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Figure 6. ^5,1,2/7 

^2,2/7 n {z : |z| > 1 is above the unit circle and one is below. Similarly, the 
action of £3,2/7 in A 3 ^/7 is indicated by 

L 2 i? 3 L 3 (top) ->■ (topjL^bot -)• (top) J R 2 -R3^3(bot) 

(bot)i? 3 L|(top) botL 2 i? 3 L 3 . 

For the two components of -A 4) 2/7j which we call ^4,1,2/7 an d ^.4,2,1/75 we 
have 

Lii? 2 -R3^3(top) -»• (top)L 2 « 3 L|(bot) -»• top)L 3 L 2 i? 3 L 3 (bot) 
->• (bot)L|(top) ->• (bot)Lii? 2j R 3 I'3, 




Figure 7. A b ^ 2/7 
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Figure 8. ^6,2,2/7 

RiR 2 RzL z (hot) -> (bot)i? 2 «3^i(top) -»• (bot)i? 3 L 2 i?3^3(top) 

->• (top) J R 3 L^(bot) ->• (top)^!^^^- 

For the single component A 5jlj2 /7 of ^4,1,2/7, the action of £5,2/7 is indi- 
cated by 

(bot) J BCLi J R 2 ^3^3 -> (bot)L 3 L 2j R 3 L|(top) -> (top) J R 3 L 3 L 2 i? 3 L 3 (bot) -»• 

(bot)i2sL| -»• (top)?7CLi J R 2 i? 3 L 3 -»• (top)i? 3 L 2 i?3^i -»• (bat) 
LlL 2 R 3 L 3 -»• (top)l| -»• {hot) BCL^RzL?,. 
Since ^2/7 does not intersect any of the components of ^4,2,2/7 H {z : |z| > 
1}, the components of (crg 2/7 o s) _1 (^4,2,2/7) are actually components of 
s" 1 (^4,2,2/7)- I n f ac t since none of the points e 2mr / 7 for r G {1,2,4} are 
in any interval of the unit circle bounded by a component of A 4i2i 2/7 l~l 
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/ 28 2S\ 



Figure 9. C 2i2 / 7 

{z : \z\ > 1}, all components of ^,2/7 i n { a 2 /T ° s ) 4 ~' '(^4,2,2/7) 1 f° r an 
i > 5, are actually components of s A ~ l {A i2 ^ 2 /-j). I n f ac t au components of 
s~ p (A^ 2 /i n {z : \z\ > 1} are disjoint from (3 2 /7 f° r all p > except for those 
components represented by: 

(L 3 L 2 R 3 ) n L 2 3 (top) -> {to V )(R 3 L 3 L 2 ) n R 3 L 3 , 



if i = 3n + 2 for any n > 0; 

(i?3^3^2) rl i?3ii(top) (bot)(L 2 i?3i 3 ) n+1 

if i = 3n + 3; 

(L 2j R 3 ^ 3 ) n ^ 3 (bot) -> (top)L 3 (L 2 i?3i3)" 

if i = 3n + 4. For any other component represented by Y — > Y', any 
component of any Aj j2 /7 H {z : |z| > 1} in the backward orbit is represented 
by ZXY — > ZX'Y, where (X, X') is one of the following, or obtained from 
one of these by adjoining BC, L 3 or (BCL\, L 3 L 2 ), or a suffix of one of these 
if Z is empty: 

(R1R2, R2R3), {UCL 1 R 2 {BCL 1 R 2 f, R 3 L 2 R 3 (BCL!R 2 ) P ) 
for any p > 0. So, altogether, these give the same pairs as the basic ex- 



changes in 3.9.1 



As for components of C^ 2 /7i we have a similar pattern. Here are some 
pictures of some of the sets Q 0/7. 

The homemorphism £2,2/7 restricted to C 2i 2/ 7 is represented by: 

UC^BC -> C/C. 

The preimage C3 2/7 of C 2j 2/7 is connected and £3,2/7 restricted to C3.2/7 is 
represented by: 

i? 2 BC -> i? 2 ^C -»• L 2 £C -> L 2 UC -> i? 2J BC. 

This, and the following representations, should be read in conjunction with 
the pictures. In C3 2/7, for example, the piece of C3 2/7 between D(R 2 BC) 
and D(R 2 U C) is inside the unit circle, along the right boundary of D(R 2 C), 
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Figure 10. 6 3i2 / 7 





/ \ 



Figure 11. C 5j2 /7 



while the piece of C3 2/7 between D(Li2UC) and D(R,2U 6) traces an approx- 
imate diagonal path from the lower unit circle (adjacent to D(L2UC), then 
enters the unit disc again on the upper boundary of D(B,2C) and travels 
down the left vertical boundary of D(R 2 C) to D(R2BC). The set 64,2/7 
has two components 64,1,2/7 and 64,2,2/7- The homeomorphism £4,2/7 re- 
stricted to C 4i1i 2/7 and 64,2,2/7 ' 1S represented by, respectively: 

L1R2BC -> L1R2UC -»• L 3 L 2 BC -> L3L2UC -> LxRiBC, 

R1R2BC -> R1R2UC -»• R3L2BC -»• R3L2UC -»• R1R2BC. 

The preimage of 6*4,1,2/7 m 65,2/7 has a single component 65,1,2/7 and the 
homeomorphism £5,2/7 restricted to 65,1,2/7 is represented by: 

BCL X R 2 BC -»• BCL 1 R 2 UC -»• L%L 2 BC -»• LIL2C/6 -»• 



UCL-lRiBC -> UCL^UC -»• R 3 L 3 L 2 BC -»• R 3 L 3 L 2 UC -> BCL X R 2 BC. 
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None of the components of C ^2,2/7 ^ { z '■ \ z \ > 1} intersect (3 2 /7 and neither 
do any of the components of s^ n (C 4: ^,2/7 n { z '■ \ z \ > 1}) f° r an y n > 
0. Therefore the components of {<Jp 2/7 s )~ n (C4,2,2/7 n { z '■ \ z \ > 1}) are 
components of s~ n {C^2,2/7 ^ { z : M > !})■ The same is true for all but two 
of the components of C412/7 H {z : |z| > 1}. The exceptional pair are the 
components represented by 

L 1 R 2 UC -> L 3 L 2 BC 

and 

L 3 L 2 UC -»• L X R 2 BC, 

where both the components intersect the unit circle in D{L\R 2 UC) and 
D(L 3 L 2 UC), and there are adjacent components of C 4 12/7 in the bound- 
aries of D(L!R 2 C) and D(L 3 L 2 C) connecting D{LiR 2 UC) to D{LiR 2 BC), 
and D(L 3 L 2 UC) to D{L 3 L 2 BC). Of the preimages of these in C512/7, only 
those represented by 

XJCL X R 2 UC -»• R 3 L 3 L 2 BC 

and 

R 3 L 3 L 2 UC -> XJCL X R 2 BC 

have backward orbits which intersect /?2/7 . Similarly in (7^2/7 n{.z : |z| > 1}, 
the only components whose backward orbits intersect /?2/7 represented by 

{R 2 UCL x ) n R 2 UC -> (L 2 R 3 L 3 ) n L 2 BC 

and 

(L 2 R 3 L 3 ) n L 2 BC -> {R 2 \JCL x ) n R 2 XJC 

if i = 3n + 3, or 

{L x R 2 UC) n + x -> (L 3 L 2 R 3 ) n L 3 L 2 BC 

and 

(L 3 L 2 R 3 ) n L 3 L 2 BC -> {L l R 2 UC) n+l 

if i = 3n + 4, or 

(UCL x R 2 ) n XJC -»• (R 3 L 3 L 2 ) n BC 

and 

(R 3 L 3 L 2 ) n BC -> (UCL^yUC 

if i = 3n + 5. 

The pre-images in Cj +n 2/7 of any component of Cj,2/7 H {z : |z| > 1} 
represented by Y — > Y' whose backward orbit does not intersect $2/7 , that 
is, any but the cycle given above, are obtained by adjoining Z to Y — ► Y' if 
the first letters of Y and Y' are the same, or are in the set {-R3, i?C, CC}, 
and adjoining and ZA 7 to Y -> Y', giving ZXY -»• ZX'Y', where 
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(X, X') is of one of the following forms, or a suffix of one of these if Z is 
empty: 

(R U R 2 ), {UC{L x R 2 BCfL u R z {L 2 R^fL 2 ), 

{L 2 {BCL 1 R 2 fBCL 1 R l ,L 3 {L 3 L 2 R 3 f +1 ) 

for any p > 0. These are the same forms as for the basic exchangeable pairs 
for BC in l3~10l 



3.13. if>. 



m,q 



We saw in 3.3 of |22j that the equivalence between the type III captures 
a /3i- q an d CT/3 q s can be realised similarly for any q S (f , 5) such that (5 q 
is a type III capture path, that is, e 2mq is on the boundary of a gap of 
L3/7. The homeomorphisms ij) m ,q an d £ m ,<j and loops a m ^ q are defined in the 
same inductive fashion as the homeomorphisms Vv,2/7 an d Cm.2/7 an d loops 
The support of £ mj(? is again a union of annuli 



"m,2/7 m 



3.12 



A m , q U C m ^ q = {op q o s) 2 m {A 2A U C 2 ,g 



and tpiq is again a composition of anticlockwise Dehn twists round the 
boundaries of discs D± jQ and s~ l {D- A ) C D +j9 U 



3.14. First stage in the proof of Theorem 2.8 



We are now ready to prove parts of Theorem 2.8 We prove the base of 
the induction and part of the inductive step. We cannot prove the whole 
of the inductive step at this stage, however. That will have to wait until 
Chapter 4. Nevertheless, the part of the inductive step that can be proved 
holds for Z m {3/7, +,p) for any p > 0. We have the following. 

Lemma 3.14.1. Let (3 e Z m {3/7,+,p). Let 

{{u 2 i-l,u 2i ) :l<i< n{(3)) 

and 

hi-.l<i< n{(3)) 

be the unique sequences of, respectively, adjacent pairs in Q m and elements 
o/7Ti(V3 im , ai), such that f3 successively crosses the arcs p{^i * 0J 2 i-i) * p{"fi * 
^2i-i); with (3 = p^n^p) * 0J 2n rp\). Then the following hold. 

1. (p(a;i),/9(a;2)) = (/Si, ^2) G Rm,p if ft G Z m (+,+,p) and {p{uJi) , p{u 2 ) 
{^,f3' 2 )eR'^ p if(3eZ m {+,-,p). 
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Let ft G Z m (3/7,+,+,p). Suppose that it is true that, for j < k, 
there are adjacent pairs (faj-i, @2j) * n Rm,p matched with (/3 2 j-i> 02j) 



in R' m p , and 



(/3 2 j_i,/3 2 j) if j is even, 

i&j-i, Py) if J ^ odd. 

Then (w2it+l; w 2fc+2) an adjacent pair in R m if k is even and in 
R' m if k is odd. 

3. An analogous statement holds for (3 G Z m (3/7,+,—,p), with odd 
and even interchanged. 

3.14.2. Remarks. The inductive step in 2 (and 3) is not quite strong 
enough to deduce the full statement of Theorem |2.8| The proof would be 
complete if R m and R' m could be replaced by Rm )P and R' mp . It has only 
proved to be possible to do that for p = 0, because of lack of detailed 
knowledge about R m ,p for p > 0. In any case, the completion of the proof 
of Theorem 2.8 will have to wait until Chapter |4j 



3.14.3. 

Proof. The paths in R m , v have never been described in detail for p > 0, 
although the set of endpoints lie in a set U p which is described in Theorem 
2.10 of |22j . We now present the only facts which we shall need. All state- 
ments are up to homotopy preserving Y^. 

• All unit disc crossings of paths in R m and the last component of 
intersection with the unit disc, are either along leaves of £3/7 or in 
gaps of -L3J. The same is true for paths in R' m . 

• The first unit-disc-crossings of paths in R m)P (apart from the path 
Pg P+ i) start at a point e 2mt for t G [q P ,q P +i)- 

• The sets U p are not all disjoint, not all points in U p n Z m (s) are 
second endpoints of paths in R m , p , and it is possible for at most two 
different paths in R m ^p to have the same endpoint. However, each 
path in R m is uniquely determined by its first unit-disc crossing 
and its final endpoint. 

Suppose first that f3 G 2 m (3/7, +, +,p), that is, the S 1 crossing point is 
at e 2mx for x G (q p , q p +i) for some p > 0. We do not need to consider x = q p 
for any p because (5 qp G R m ,p- 

First, we prove 1. By definition, a capture path has only one intersection 
with the unit circle before entering the gap of L3/7 containing the second 
endpoint of /3. So the first essential intersections with S 1 of the paths 
p(7i * W2i-i) and p(^i * uy) must be distinct, and opposite sides of the 
intersection with S 1 of /3, although one of them could coincide with this. If 
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w« G ^m(oo) (or u)i G Q m (ao)) for at least one of i = 1 or 2, then both 
and p(u>2) have first essential S^-crossing at e 27r ^ 6 / 7 ^ (or e 271 "^ 1 / 7 )). This is 
is incompatible with (3 crossing p{uo\) * p(^2)- The paths in O m (ai, — ) are 
ruled out more simply as candidates for p(ui) or p{u)2), because these are 
simply the paths Z m (3/7, — ), which have first and only crossings of S 1 at 
points e 2nlx for x G (— y). Similarly we can rule out O m (ai,— ). So we 
must have G f2 m (ai, +), and p(f3{) G -R m ,p for « = 1 and 2, in order to 
have (3 crossing (3± * (32 before the first S^-crossing points of those paths. 

Now we consider the inductive step. So we assume the inductive hypoth- 
esis of the lemma, which is assuming that suppose that 1 of |2.8| is true for 
0i for i < 2k, for some k > 1. Then we consider what (w2fc+i> W2/C+2) can be. 
First, let k be even. Then the inductive hypothesis gives p{^k+i) = «i,2fc-i 



in the notation of 2.8, that is, ai 2fc— 1 is an arbitrarily small perturbation of 

ai,2fc-l = «1,3 * ^1,3(05,7 * • • • * V'l,2fc-5(a2fc-3,2A:-l) 

where a^j-^^j-i is an arbitrarily small perturbation of 



This means that the number of vertical intersections of p^k+i) = or^fc-i 
with the unit disc is even. So ipi,2k-i(p(^2k+i)) and ipi j 2k-i(p(^>2k+2)) must 
first cross the unit disc in the same direction as (3, that is, across the upper 
unit circle first. Also, we now know that ^1,2/c-i is a composition of disc 
exchanges, and we have a complete list of disc exchanges, in particular of 
those which intersect the unit circle within the set {e 2mt : t G [ 2 , |)}. None 
of these supports can cancel first S^-crossing of p(uJ2k+i) or p(uJ2k+2) at 
e 2mx for x $ [|,|). So we must have (p(72fe+i, 72^+2) = {fak+i, fak+2) 
where {(32k+2: hk+2) is an adjacent pair in R m . 

If k is odd then the proof is similar. But this time, 

ai,2fe-l = «1,3 * ^1,3(05,7 * • • • * -01,2fc-l(a2A:-l) 

and the number of intersections with the unit circle is odd. 

Now we consider the case of f3 G Z m (3/7, +, — ,p), that is, with S 1 - 
intersection at e 2mx for x G (— q p +i, — q p ). For the base of the induction, 
we consider a Qp * ipq p ((3). Then the first arc of the form p(rji) * p(i]2) 
crossed by this, for an adjacent pair (771,772) G 0, m , is for an adjacent pair 
(p(r]i) , p(r]2)) = /?2) in R m ,p- Then let tp\,a\) effect the matching be- 
tween (/3i,/?2) and ((3[/3 2 ) where (/3^,/3 2 ) is the matched adjacent pair in 
Rm,p- Then Pi* P2 = il'iifi'i * (3' 2 ) is also the first arc crossed by a± * 
which means that (3[ * (3' 2 is the first arc crossed by (3. Then we proceed 
inductively as before. □ 



CHAPTER 4 



Quadruples of paths 



4.1. Notation 



con- 



Our goal in this work is to prove our main theorem, Theorem 1.9 
cerning capture paths /3 G i? m (3/7, +, +, 0). This means analysing the se- 
quence of translates of the fundamental domain crossed by j3, as explained 
in Chapter 1. A particular structure for this sequence is claimed in theorem 



2.8 In particular the sequence of pairs (t02i-i,^2i) is related to a sequence 
(fai—i-Pa) °f adjacent pairs i? mj o> and a matching sequence of adjacent pairs 
(/^2i-i'/^2i) i n R'mO- Theorem 2.8 has not yet been completely proved. But 



the base case of the induction has been completed, and much of the induc- 
tive step has been established. This is enough to work with. We will now 
assume the existence of (/^j-i, @2j) f° r 3 < h with the properties claimed 
in 2.8, and will work to extend these. In the process, the proof of Theorem 
2.8 will be completed. 

From now on we consider capture paths /3 6 Z m (3/7, +, +, 0), and the 
associated sequences f3j{(5) for j < 2i in R m ,o, and the homeomorphisms 
ipjfi and ipj-2k,p f° r an y k > 1, as defined in |2.9[ We write Y m and Z m for 
Y m (s) and Z m (s). If (3 ends in the point p(x) for a word x (see 2.1 ) then we 
will also write (3j(x) and ipj tX and ifij-2k,j,x for these quantities. 

A natural way to proceed is to consider what happens if ipj-2k,j,p is 
always the identity. If that were the case then the sequence of arcs faj-i * 
$2j = ^2i-\iP'ij-\ * which i s crossed by (3 can be computed just by 
studying R m fl. Much of this chapter is devoted to studying this sequence, 
which is denoted by Q. The precise definition is given below. We call such 
sequences (-sequences. One aim is to relate (3j(f3) to various C-sequences. In 
the process, we also obtain information about quadruples (f3ij + t(f3) : —3 < 
t < 0). In the process we are led to study (-quadruples (dj+t '■ — 3 < t < 0). 



4.2. Principal arcs and levels 

Let ((1,(2) be any pair of paths starting at 00 and with endpoints in 
Z m , such that unit-disc-crossings are either along leaves of L3/7 or in gaps 
of L3/7. Thus, (1 and (2 could be paths in R m ,o or R' m0 , and be possibly 
adjacent in one of these, but not necessarily so. We define k = k((\,(2) to 
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be the least integer such that the fc'th unit-disc-crossings of (\ and (2 are 
distinct, up to isotopy preserving U {00}. We call fe(Ci, C2) the level of 

(Ci,C 2 ). 

If £1 and C2 are in R m ,o, this means that = (C2) for i < k, but 

^(Ci) 7^ u; fe(C2)- Note that, if Q £ Rm,o, the i'th unit disc crossing of (j 
is the same as the i — l'th crossing of ^(Cj) for i > 2, unless it is the last 
half-crossing of both (j and V'Cj(Cj)) m which case they meet in the middle. 

Now we specialise to (Ci: C2) being an adjacent pair in R m fi- Then the 
first unit-disc-crossing of (1 starts at a point e 2mt for t £ [| , J|] and similarly 
for (2- If A; is odd, then the fc'th crossing of Ci starts to the right of that 
of (2 and if k is even it starts to the left. If k > 1 and all letters of 
w4_i(Ci) = ^-1(^2) are hi the set {L3,L2,i?3}, then the fc'th crossings 
of (1 and (2 start on the upper unit circle if and only if k is odd. If the 
word wl-i(Ci) contains some other letter, then it must contain BC or UC, 
and the prefix ending in this first occurrence of BC or UC is a prefix of 
w j((i) = w'jiCz) f° r all i < j < k — \ for some i If the first occurrence 
is of BC is preceded by an odd number of letters in {L3,L2}, or the first 
occurrence is UC, preceded by an even number of letters in {-L3, L2}, then i 
is odd, and all crossings from the i'th onwards have both endpoints on the 
upper unit circle. In the opposite cases, i is even and all crossings from the 
i'th onwards have both endpoints on the upper unit circle. 

We define D(Ci 5 C2) to be the region between the k'th unit-disc intersec- 
tions of Ci and C2, where k = fc(Ci>C 2 )) replacing the fc'th unit-disc inter- 
section by the leaf of L 3 / 7 containing the point on 5 1 at the start of the 
intersection, if is is not a complete crossing. 

The principal arc of (£1, £2) is the arc of £1 * Q2 between the /c'th unit- 
disc-crossings of (1 and £2 -We denote it by -^(Ci : C2) • It is the unique arc 
bounded by endpoints of essential unit-disc crossings of £1 and C2 which are 
also essential unit-disc crossings on (1 * (2, up to homotopy. The principal 
arc can have both endpoints on either the upper or lower unit circle. The 
arc of the unit circle between the endpoints of C2) is in D((i, (2). 

There are two types of principal arcs of adjacent pairs in R m fl'- 

Type 1. w' k {Qi) = Ul an< ^ w 'k(^ 2 ) = 112 are adjacent values of w' k , subject to 
the fixed value of w^_ 1 (Ci) = w k _ 1 ((2) if k > 1, and w^_ 1 (Ci) is 
not between w' k ((i) and w'^^)- 

Type 2. k > 1, and for the fixed value of w^_ 1 (Ci) = w 'k-i(C2) = u, with 
the /c'th crossing of (1 starting furthest left and that of £2 starting 
furthest right if k is odd, and that of Ci starting furthest right and 
that of C2 starting furthest left if k is even. 



4.3. PRINCIPAL ARCS FOR [V>] AND R mfi 
V 
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^(Ci,C 2 p 







Figure 1. D(£i,£ 2 ) and the principal arc /(Ci^ C2) 

C2„ „Cl 




Figure 2. A type 2 principal arc 

For both types, the path £1 is maximal among among paths in R m ,o 
with w' k ((i) = ui, while (2 is minimal among paths £ 6 i? m ,o with «4(C2) = 
U2- We shall refer to (Ci ? C2) being of type 1 (or 2) if 1(^1,^2) is of type 
1 (or 2). The figures show examples of a principal arcs /(Ci,C2)- On the 
first figure, the set J5(Cii C2) below /(Ci ; C2) is also marked. The principal 
arc in the first figure could be of type 1 or type 2, depending on whether 
Ci < C2 or (2 < Ci- If C2 < Ci then there could be at least one path £3 with 
fc(Ci,C2) = MCi,C 3 ) = MC2,C 3 ) and w'^iCs) = «/ fc _!(Ci) = «4_i(C2), and 
such that Ci < C3) and the fc'th unit-disc crossing of £3 is strictly between 
the fc'th unit-disc crossings of £1 and £2- The second figure must be a type 
two arc, because, for such a configuration, we must have £1 < (2, and a path 
C 3 with C2 < C3 and ^_ x (Ci) = «4_i(C2) = ^fc-i(C 3 )> the the fc'th unit-disc 
crossing of C 3 between those of ("1 and (2, must exist. 

4.3. Principal arcs for [ip] and R m fi 

For the results to be proved, we need principal arcs of a * tp(Rmfl), 
for [ip] G G and [a] G 7Ti(C \ Z m (s), 00) with s a a o s. In fact we 
define principal arcs for [ip] and R m fi over f3, for /3 G Z m (3/7, +, +) as 
follows, for any adjacent pair (Ci , C2) in R m ,0 such that ip(Ci * C2) crosses 
j3 at least once. We define exactly one principal arc for [ijj] over (3 for 
each such pair. This is simply the first arc of V>(Ci * C2) which is crossed 
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by /3, up to isotopy preserving S 1 U Z m (s), where ^(Ci * C2) is chosen up to 
isotopy preserving Z m {s) to have only essential intersections with S 1 . If tp = 
^1,411/21-1,^) an d the existence of the sequence /3j(/3) as in Theorem 2.8 has 
been established for j < 2i, then the principal arc for (/?2i— 1 /?2i (/?) , [ip]) 
is indeed the arc of ip(f32i-i(f3) * /?2i ) such that the lift determined by 
a i,4Li/2j-i * V ; i,4Li/2j-i,/3(/^2i-i(/5)) is crossed by the lift of /3. This is the first 
arc of ^(Ci *C2), for any adjacent pair (£1, £2) in R m fii which is crossed by (3 
after crossing the principal arc for (/3 2 i-3(/S), p 2 i-2(P), [^i,4L(i-i)/2j-i])- This 
is useful to know if i > 3, because, as we shall see in |4.10.4| for i even and > 4, 
■02i-3,2i-i,^ is the identity on the principal arc for [ipipi-ifl] over j3 which 
is immediately beneath the principal arc for (/32j_3(/3), (32i-2(P), [ipi,2i-5.p]) 
over (3. 



4.4. The (^-sequence C,i{x) 

Fix any infinite admissible word x ending in (L2-R3L3) 00 and such that 
D(x) intersects {e 2mt : t € (|, ^). We are thinking of p(x) as being the last 
S 1 crossing-point of a path in Z(3/7, +, +, 0). We define the (^-sequence for 
x, Cj( x )i f° r ^ 2n(x) by the following properties: 

1- ((2i-i(x) , (2i(x)) is an adjacent pair in R mfi with ( 2 i-i(x) < (2i(x); 

2. D(x) C D((2i-i(x),(2i(x)) and I(C, 2 i-\{x), /(Caifc)) is over D(x); 

3. ^(s)) is the outermost arc as in 2, and for £ > 1, the 
principal arc I(C2i+i> C2i+i(^)), if it exists, is not separated from 
I(C2i-i(x), (2i(x)) by any other principal arc I(coi,co 2 )- 

There is one more property, which we now explain. The pair (£i(x), C2(^)) is 
always defined, but it can happen that (£21+1 Q2i+2{x)) is not defined for 
any i > 1, satisfying conditions 1 to 3. This happens whenever x is not the 
endpoint of any path in Rm,o- In the language of [22], this happens precisely 
when D(x) is not contained in U y for any value y of w'i(.). The x for which 
Q(x) is defined only for i = 1, 2, and for which x 7^ w(d(x)), is precisely the 
set of x such that D(x) C D(vbv2), for V2 such that yi < w'lfa) < 2/2, and 



1/1 and y2 as in 4.7.2 Also, more simply, (<^2i+i(x), C2i+2(^)) is not defined 
if x = w((2i-i(x))- In that case, we define i = n(x). If (C3(x), Ci( x )) is 
defined, then x = w(Q2n{x)-i( x )) ■ If there is more than one adjacent pair 
(771,7/2) in R m fi such that 1(771,772) is bounded by I {(,2i-i{x) , C,2i{x)) and is 
not separated from I((2i-i(x), ( 2 i(x)) by any other principal arc, and D(x) 
is bounded by 1(7/1,772), then there are exactly two such. If i > 1, then it 
is always true that w^^i-iix)) = w'^&iix) and there is exactly one such 
pair (771,772) with u>'i(t7i) = w[(r]2) = w[((2i-i(x)). and in this case we 
choose (771,7/2) to be this (C2«+i, (2i+2(x)). If i = 1 then the two adjacent 



4.4. THE f -SEQUENCE &(x) 



57 



pairs (771,772) and (773,774) in R m ,o are such that 1(771,772) = 1(773,774) and 
7?1 < Ci( x ) < C2(#) < 773(2;). Condition 4 is then as follows: 

4. Write ^(a;) = w\(x)u2- Then (Cs(^), C4( x )) is chosen so that 
< ft 0*0 if L 3 u 2 > tu£(ft(a;)) and ( 3 (x) > &(x) if L 3 u 2 < 
w[(x). If 7 > 1 then w[(( 2i+1 (x)) = w' 1 (( 2 i+2(x)) ■ 
The reason for the rather complicated definition of (£3, £4) is that w' 2 {-) 
is not injective on all words, as shown by the definitions in section [3} But 
there are never more than two adjacent pairs (771,772) and (773,774) such that 
7(771, 772) and 1(773, 774) both bound D(x) and are bounded by /((^i-iO^), C2iO r )), 
and are not separated from I((^2i-i(x), £21 0*0) by any other principal arc. In 
this case there are t/x ^ y 2 such that 

^i(m) = Hfe) = yi, ^1(773) = ^1(774) = 2/2, 

and 

/(77i,77 2 ) = 1(773,774) C (WHIP*). 

We can also define a lower £ sequence for x such that -D(x) intersects 
{e 27ni : i G (||, |)}. The definition is similar but the first pair (Ci •. C2) in a 
lower C sequence satisfies A;(Ci 5 C2) = 2. 

We can also define the sequence Ci( x ) f° r x 6 D(BC). and x = 75(7) 
with 7 G 2(3/7, +, — ). For the moment , we just do it for x = p((3) with 
P G 2(3/7,+,-) and for x G D(BC) \ D(BCL 1 R 2 UC). The outermost 
principal arc /((^(x), ft(a;)) is the same for all such x, and is the unique 
principal arc 1(^3, C4) such that w'ifo) = 77-4 (ft) and the third intersections 
of C3 and £4 with the unit circle are the furthest right and left respectively. 
We then define the sequence C2i-i(x) , Q 2 i{x) for i > 3 as before satisfying 
conditions 1 to 3 above. The complications of condition 4 do not arise, as 
there is always exactly one choice for (£24+1(2;), (, 2 i+ 2 (x)) so that 1 to 3 are 
satisfied, once ((2i_i(x), (,2i(%)) is given. 

Finally for x G D(BCL 1 R 2 ) k UC\D((BCL 1 R 2 ) k+1 XJC), any pair (771,772) 
such that I(?7i ; 7/2) bounds D[x) is such that 771 and 772 have at least k + 1 
common unit-disc crossings. We therefore only define (£ 2 i-i(x) , (, 2 i(x)) for 
i > k. 

Lemma 4.4.1. 1. fc(Ci, C2) = 1 



2. The principal arc 1(^21-1, C2O is of Type 1 as in 4-2 if i is odd, and 

of type 2 if i is even. 
3- k(( 2 i^i,( 2 i) is always odd, 1 < fc(C2«-i,C2i) if i > 1, and for all 

i < n{x), 

H&i-libi) < fc(C2i+l)C2i+2) < fe(C2i-l,C2t) +2. 
4. If i is even, and i < n(x), then fc(C2i+i, (21+2) = MC21-I, fti)- 
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Proof. Clearly J(£i, (2) has to be of type 1, and k((i, (2) = 1- Also, it 
is clear that if i > 1 then £(£21-1, C2O > 1- 

Now let i > 1 and A; = fe(^2i-i?C2i) and assume inductively that fc is 
odd. If the longest prefix of «4(£2i-i) which ends in BC or f/C does not 
coincide with the longest such prefix of w' k (( 2 i) , then there is no principal 
arc strictly inside I((2i-i, (2i{x)) and i is maximal. Now we assume that i 
is not maximal, because otherwise there is nothing to prove. 

Now suppose that ( £ R m ,o an d j is minimal with w'j(Q strictly be- 
tween w'u{C,2i-i) and w' k ((2i), and such that the j'th unit-disc-crossing of (" 
intersects the unit-circle arc bounded by 1(^21-1^21)- Then the j'th unit- 
disc-crossing of £ must intersect both the circle arcs bounded by the fc'th 
unit-disc crossings of (21-1 and Q 2 i- Write u = w'j(QL2. We claim that 
j > k — 1. Since £ intersects the circle arcs bounded by the fc'th unit- 
disc crossings of £21-1 and Q 2 ii and letter BC or UC in w'j(Q must be 
in the longest common prefix of w' k (^2i-i) and w' k ((2i)- So w'j(Q must 
end in L 3 or i?3. Then u = w'j(()L2 is an admissible word. Now ei- 
ther u4_i(C2i-i) = w 'k-i( u i w i( x ))> or w k-i((2i-i) is a proper prefix of 
Wk-i(u, w[(x)) and ^_ 1 (C2i-i) is a proper prefix of w' k _ 1 (u,w' 1 (x)). The 
latter only happens if, for n > 3 and odd, 

U>fc-l(«) = 1*0^1^2 ■■■U n , W k -l(C2i-l) = W k -l{(2i) = U Ul, 
w 'k-l( U ) = U ■ --Un-l, Wfc-l(C2i-l) = «4-l(C2i) = U , 

where U£ = (L 3 L 2 R 3 ) re u' e for some rg > and 

uj G {L 3 L 2 R 3 L 3 , L 3 (L 2 R 3 ) 2 ,L 3 3 } 

for 1 < £ < n — 1. Now uqu\u 2 cannot be a prefix of «4(C2i-i) or Wfc(C2i) 
- which both extend w k -i{C,2i-i) = ^0^1 — because otherwise ^_ 1 (C2i-i) 
would be defined differently. It follows that in this case D{uqU\U2) is strictly 
between w' k {C,2i-i) and w' k ((2i)- Also w k -2(u) is a prefix of uq. Hence j > 
k-1. 

Also, j must have the opposite parity to k, because the j'th crossing 
of ( must start on the circle arc bounded by wLfai—i) and w' k {C, 2 i) which 
is not bounded by Ifai-i, C,2i)- But then «4-i(C) is equal to, or extends, 
w 'k-iiC2i-i) ■ We have seen that if ^_ 1 (C2i-i) is a proper prefix of w' k _ 1 (C), 
then D(w k _ 1 (( 2 i-i)uiL 3 L 2 ) is strictly between w' k {C,2i-i) and w' k (( 2 i) and 
hence w' k _i(Q is strictly between w' k {C,2i-i) and w' k {(,2i) and hence j = k — 1. 
If w4_i(C2i-i) = w 'k—i(C) then we claim that j = k + 1. For suppose not 
so. Then D(w k +i(C)) intersects the region between w' k ((^2i-i) and w' k (( 2 i) 
and D(w f k+1 (Q) intersects the complement. Since w k (() is a prefix of both 
w k+i(0) and D(w' k+1 (Q, it must be the case that w k (Q is a prefix of one of 
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«4(C2i-l) and w k(&i)- But then w k(() = «>fc(C2i-l) is a prefix of w' k (( 2 i-i), 
or similarly for ^i- Both of these are impossible. 

It follows that the k — l'th or the k + l'th unit disc crossing of (2i+i and 
C2«+2 is strictly between the fc'th unit-disc crossings of C2i-l and £21 ■ If the 
k — l'th crossing is between and I(C2i-l> C2i) is of type 1, then w' k _ 1 ((2i+i) / 
w' k _ 1 (C2i-i) and 7(^21-1, C2i+i) must be of type 2. If the k + l'th unit disc 
crossing of C2i+i and C2i+2 is the first to be strictly between, then again 
I {(21+1,(21+2) must be of type 2. Now suppose that I(( 2 i-l,(2i) is of type 
2. Then if i < n(x), there is at least one other path £ between £21-1 and (2% 
with Wfc-i(C) = «4_i(C2i-l)- It follows that «4_i(C2j+i) = w' k _ 1 (( 2 i+2) and 
k(( 2 i+i,(2i+i) = k(( 2 i-i,(2i) and I(( 2i+1 , (2i+2) is of type 1. This completes 
the proof of 2, 3 and 4. □ 



4.5. Quadruples 



We have the following immediate corollary to Lemma 4.4.1 



Corollary 4.5.1. For any quadruple ((41+3(2;) : —3 < s < 0), for any 
i > 1, ((Ai-3(x),(ii-2(x)) is of type 1 and ((u-i{x),(u{x)) is of type 2. In 
addition, there are two possibilities for the quadruple {(a+ s '■ —3 < s < 0) 
for i > 1 . 

A. k(Cii-i(x),<Ui(x)) = k((4i- 3 (x),(4i-2(x)) + 2; 

B. k((u-i{x),(u{x)) = k((u-z{x),(u-2{x)). 

We shall refer to these as quadruples of type A and type B. Any quadru- 
ple ((a + t(x) : —3 < t < 0) in a sequence (j(x) will be referred to as a 
(-quadruple. If (j(x) is an upper ( sequence then we will refer to ((4i+ s (:r) : 
s < as an upper ( quadruple. Lower ( quadruples are similarly defined. 
We recall the notation E^^ of 3.8 to denote an arbitrarily small disc neigh- 



bourhood of the closed loop *a^, for paths ( and 77 £ R m ,o- We continue 
to use this notation for quadruples of various types. So if (Q : 1 < i < 4) 
is a quadruple, we use the notation E^^ 3 to denote an arbitrarily small 
neighbourhood of * a^ 3 . The figures show examples of type A and type 
B quadruples, together with the shaded region E^^ 3 in each case. In the 
examples drawn we have (3 < (4 < (l < (2 for the type A quadruple, and 
(1 < (2 < (3 < (a for the type B quadruple. Examples like this will arise 
later, but these are not the only possibilities. 



4.6. Quadruples of types C and AC 

We shall see later that the sets of the loops ((3ai+ j((3) : 1 < j < 4) are 
always closely related to quadruples or lower quadruples, of types A or B 
or type C or type AC, which we now describe. We say that (r/j : 1 < i < 4) 
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C3 and C4 




Figure 3 . Example of a type A quadruple 





Ci and C2 

Figure 4. Example of a type B quadruple 

is of type C if (771, 772) and (773,774) are two adjacent pairs with 771 < 772 and 
773 < 774 and one of the following holds. 

C-l There is a basic exchangeable pair (a, b) which is one of the pairs 



of 3.9.1.4, such that the following hold. 

k(Vum) = 1, ^(773,774) = 3, 
wi(r] 3 ) = viaL 3 , w[(r] 3 ) = x = w[(viaL 3 L 2 ), w' 2 (r] 3 , x) = v\av' , 
w'MaL^i^RsLz)™ < v'(L 2 R 3 L 3 r < ^M^X^i^a) 00 , 
w[( m )(L 2 R 3 L 3 r < Vl bL 3 L 2 

and 771 is maximal with respect to this property, and (771, 772) of type 
1 and (773,774) of type 2. Moreover, 

1(773,774) C uE Vum , 
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where u f> a' is an exchange for 771 which is prefixed by v\a f-> v\b 
such that W2{uL^L2) = 11L3L2 and 11)2(11' L3L2) = 7/L3L2. Such a 
quadruple is said to be type C of level 1 
C-2. There is a quadruple (Q : 1 < i < 4) which is of type C of level 1 
such that 

w'i(m) = w'ltei) = w[(U), 

(fliiVi) is of type 1 and (773, 774) is of type 2 and for some odd k\ > 3, 

HviiVz) = h, k(V3,m) = ki + 2, 
and, writing t> = V1CLL3L2V2 for a word ^2, 

HVj^j+i) = vI((j,Q+i), E VuV3 = vE CltCs . 

The definition of type AC is exactly similar to type C except that the 
basic exchange va -H- vb is one of the types listed in 3,9.1.4| This makes for 
some important differences, the chief of which are that 7(773,774) spans an 
arc on the lower unit circle, and that now w' 1 (vaL^L2) = vJ^vbL^L^). 



4.7. Intersections between sets E mm and s n E ul ^. A 

If E any set with E C D(L^), then a component of s~ n (E) is of the form 
uE for some word u such that uL^ is admissible if E C D(Ls). This means 
simply that uE = {p(ux) : p(x) E E}. The definition and properties of Wj(.) 
and w'j(.) and w'j (-,y), for any value y of w'i, ensure that if (rji : 1 < i < 4) 
is an upper or lower quadruple and w' 1 (uL?,L2) = w[(r]3) = y, then there is 
an upper or lower £ quadruple (77, : 5 < i < 8) such that w[(r]i) = y for all 
5 < i < 8 and 

The condition 4 in the definition of the zeta sequence ensures that w' k (.,y) 
is constant on 

{V G -R m ,o : (f?,f? 2 ) is an adjacent pair in Rm,o, I(v,V 2 ) C ^5,^}, 

where fci = /c(w) + ^(771,772) where is the largest integer such that 
Wk(uL^L2) is a proper prefix of uL^L2- (This condition is only needed if 
£(771,772) = 1.) A necessary and sufficient condition for (77^ : 5 < i < 8) 
to be an upper ( quadruple with £(775, 775) > 3 is that k(u) be even and 
k(u) + fc (771,772) > 3. 

Lemma 4.7.1. iei (77^ : 1 < i < 4) and (u)j : 1 < j < 4) 6e £?tjo upper or 
lower C, quadruples, such that 



w'i(m) = w'x(uz), 
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and (171,772) = (u)\,0J2) 1/^(771,772) = k(oJi,U2) = 1. Wnie £7 = E mm . Let 
E' be a component of s~ n (E wl ^ wz ) for some n > 0. T/ien E (1 E' ^ $ if and 
only if one of E' and E is contained in the other. 

Remark 

1. For this lemma to be useful, we still have to show that for a = 
a m,V3i a component of (o~ a o s)~ n (E vltV3 ) is, up to homotopy pre- 
serving Zqo, the union of two components of s~ n (E VltV3 ) and a path 
joining the two. This will be shown in later lemmas. 

2. The conditions of a £ quadruple ensure that the second unit-disc- 
crossing of 773 is not contained in U n >os~ n (E Vljm ). 

Proof. Let u be the word such that E' = uE WltW3 . Let (wj : 5 < i < 8) 
be the quadruple such that uE UljU3 = E w& ^, 7 . If k(u) > 1, then w[(u}i) = 
w[(u) for all 5 < i < 8 and £(0^7, ws) > k(u)5,ujQ) > 1. 

If &(?/) = 0, then w'-yiui) = uw'^Wi-i) for 5 < i < 8. If fc^i,^) > 1 
then TTJ^ojj) = w'^uji) for all 1 < i < 4 and 

w[(ui) = w'^us) = uw[(u; 3 ) = uw[(ri 3 ) 

for 5 < i < 7. It follows that E 1 is contained in or disjoint from E in 
this case, except possibly when £1(771,772) = 1. But then the only case to 
consider is when w'^oji) = w'^rji) for all 5 < i < 8 or w[(oJi) = 7^(772) for all 
5 < i < 8. But then 771 (or 772) is either the maximal (or minimal) path in 
R m ,o with this value of w[, and depending on whether 774 < 7/1 or 772 < 773, as 
well as whether w'^uji) = w 1(771) or w' 1 (eta2), E' is contained in or disjoint 
from E. 

So now suppose that k(u) > 0. Write 

h = £(771,7/2), k 2 = £(773,774), £3 = k(u) 5 , ujq), k A = k(u 7 ,ujs). 

If I(cu5, ujq) = I(r]i, 772), then we have disjointness of and £7' if 0J7 and 
773 are on opposite sides of rji , and one of E and E' is contained in the other 
if they are on the same side. So now suppose that I(co5, ujq) / /(771, 772). Now 
we consider the boundary of E, up to Zoo-preserving homotopy. Either the 
£1 — l'th or the £1 — 2'th unit-disc-crossings of the rji are in common (up to 
Zoo-preserving homotopy) depending on whether the quadruple is of type 
A or B. Lock these common crossings together. Lock 7/1 and 7/2 together up 
to the last common unit-disc crossing, and similarly for 7/3 and 774. Finally, 
lock together 1(771,772) and 1(773,774). In the figures shown earlier of the sets 
E^^ 3 , for both type A and type B quadruples, the horizontal arcs of the 
boundary of E^^ 3 denote the locking of the principal arcs J(Ci , C2) and 
/(C3,C4)- Returning to the quadruple : 1 < i < 4), we obtain a set 
bounded by the locked-together principal arcs and by common segments of 
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the paths rji. This set is E up to homotopy, and so we denote it by E. 
It has directed boundary with direction given by the paths rji. No path in 
C G R m fl with w[(Q = w[(r]s) travels through any of the "locks" except for 
the lock between the common crossings of all the rji, as (771,172) is of type 1 
and (773,774) is of type 2. So the only way for a path ( £ R m fl to enter E 
is between 774 and 771, or between 772 and 773 (depending on whether 773 < 771 
or 771 < 773). We choose locks similarly for E'. Then either one of E and 
E' is contained in the other or they are disjoint. For suppose none of these 
hold. Then the boundaries of E and E' must intersect transversally, and 
since both E and E' are topological discs, there must be two transversal 
intersections. But the only place for a transversal intersection is between 
the common lock of all the rji and the common lock of all the Wj. So this is 
impossible, and one of E and E' must be contained in the other and they 
are disjoint. 

We have to use a slight variant on this if k\ = 1, because in that case 
there is no common crossing of all the rji. But there is still only one way in: 
through the top. 

□ 

Corollary 4.7.2. Let {rji : 1 < i < 4) be an upper or lower £ quadruple, 
let E = £/7j 1)J? 3 and let E' be a component of s~ n E for some n > 0. Then 
E' n I(rjj,rj j+1 ) = for j = 1,3 and either E' C E or E' C\E = §. 

Proof. We have E' = E nB ^ m for a quadruple (774+^ : 1 < j < 4) and 
with k(rj 5 ,rj 6 ) > k(rji, 772). If E' contains 1(771,772), then k{rj 5 ,rj 6 ) = k{rji,rj 2 ). 
We clearly cannot have E C E' , so we must have E' C E and E' 7^ E. Since 
I( r Ji^V2) is the furthest left (or right ) of the principal arcs in E of level 
ki, then if 1(771, 772) is in E' it must be equal to 1(775, 776) which implies that 
/(r/i , 772) is fixed by s\ This is impossible. So I (rji, 772) is not contained in E' . 
Now suppose that 1(773,774) C E' . Since 7(773 , 774) intersects dE, and E' C E, 
this is only possible if I (773, 774) C dE'. But this, in turn is only possible if 
1(773,774) C s~ l (dE). But dE is a union of principal arcs of level k\, with 
livii^) at one end, and the fci'th unit-disc crossing of 773 at the other end, 
and 1(773,774). We cannot have 1(773,774) C s~ l (I{rjs, 774)), and anything else 
in dE mapping to 1(773,774) under s~ l leads to E' not contained in E. So 
^(773,774) is not contained in E' either. □ 

We need a variant on |4.7.1 for quadruples of type C or AC. 



Lemma 4.7.3. Let {rji : 1 < i < 4) be of type C or AC. Write k\ = 
(771,772) and E = E Vlym - 

1. If k\ > 1 then 1(771,772) and 1(773,774) are not contained in s~ n (E 
for any n > 0. 
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2. . Let u\ and U2 be admissible words. Then the only way that u\E 
and U2E can intersect without one being contained with the other 
is if U2 = u\va or u\ = u^va. 

3. If k\ = 1, then 1(771,772) is disjoint from s~ n (E) and 1(773,774) is 
contained in a component of s~ n (E) for a single value of n > 0. 

Proof. 1. Suppose that 7(773,774) C uE for some nontrivial u. Since 
k(r/i,r]2) > 1 by the definition of type C or AC we have 7^(771) = 7^(773) = x, 
say. There is at most one ywith U x n U y 7^ and they have a common prefix 
apart form the last at most four letters. If /(771, 772) or 1(773. 774) is in uE then 
we need ux = x or uy = x, both of which are impossible. 
2. We can assume without loss of generality that U2 is trivial. The question 



is then how it is possible to have u\E n E 7^ . We have seen in 4.7.2 that 
it is impossible to have the first segment of 771 in the unit disc in mE^^. 
It is similarly impossible to have the first segment of 773 in the unit disc in 
u\E because then 10^(773) would have to be between u\w' x {j]^) and (11^(771). 
The second unit-disc-crossing of 773 is in vaE and . So va must be a prefix 
of m, and since 1(773, 774) C dvaE, we must have va = u\. 
3. We now have A: (771, 772) = 1. From the definition of type C, or AC, there is a 
basic exchange a -H- b and an admissible word v\ such that 1(773, 774) C v\aE. 
WE have v\aE \ E 7^ 0, and by 2, v\a is the unique nontrivial word with 
these properties. 

□ 

4.8. A basic result about the quadruple homeomorphisms 

One of our aims is to obtain a good bound on the supports of the home- 
omorphisms 7/^4j_3 j 4j_i !( g, for any capture path /3 G i?oo(3/7, +, +, 0). Any 
bound obviously has to be obtained inductively, because the support of 
^4i-3,4i-i,/3 is obtained from E^_ Zt p M _^, which is, in turn, obtained from 
(/?4i+t : — 3 < t < 0), which in turn depends on tpij -3^-1^ for j < i. It 
is clearly important to know how the supports of ipijs^j-i^, for varying 
j, intersect each other, and also how they intersect the boundaries of sets 

E ki-3Ai-ux for var y in s »• 

We start with a preliminary lemma. 

Lemma 4.8.1. Let (C1X2) be an adjacent pair in R m fi and let £^0 be the 
initial segment of C,\. No component of Rmfl H {z : \z\ > 1} or of (<J£ 10 o 
s)~ n (s _1 (Ci,o)) comes between J(Ci, C2) o-nd I(C3,Ci) f or an V Quadruple (Q : 
1 < i < 4) of type A or B, unless it is a component of o s) _n (s _1 (Ci,o)) 
which is isotopic to /(C3, C4) U P t° isotopy preserving U S . 

PROOF. Any component of (a^ o s)~ n (s~ 1 (Cifl)) is isotopic, up to iso- 
topy preserving ZooUS 1 , to /(C5, Ce)> f° r some adjacent pair (^5, in R m ,o- 
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By definition, there are no principal arcs separating /(Ci 5 C2) and /(C3, £4)- 
The result follows. □ 

We have the following. 

Theorem 4.8.2. Let : 1 < i < 4) be an upper or lower quadruple or 
type C or AC. Write 

C X = C, V> = V>c,c 3 > E = E cc^ h = k((,( 2 ). 

Write C, n for the portion of £ up to the n ! th intersection with S 1 . 
Then each component C of (a a< o s)~ l (E) is a component of (o~^ 2k _ x o 
s)~ l (E), and takes the form 

Ei U E 2 U Wl, m (C),n(C,l) U w 2,m(C),n(C*,2) U ^ 

where: 

• E\ and E2 are components of s~ l (E); 

• C is either contained in U°, or disjoint from it, or 1(C) is an arc 
with endpoints on the unit circle on either side of e 2m ( 2 / 7 \ and for 
one of r = 1 or 2, E r Uu r ^ m rc\ n rc,r) * s contained in U° apart from 
the first segment on w r ,m(C'),ri(C,r)> 

• If E r U w r ,n(C),m(C) intersects XJ , then u r ,n(c),m(c) * s ^ e segment 
of uo r € R m fi from the m(C)'th intersection with the unit circle to 
the n(C, r) 'th for r = 1 and 2, and m(C) < 2k%; 

• I is a component of s~ j (Cq) for some j < i; 

• the only intersections between C and are between I and C2fei-i- 
In particular, the support of ip is contained in l ~->i>i(c r ^ 2ki _ 1 o s)~ l (E). 

Proof. We start by showing that any intersections between (<r ac o 
s)~ l (E) and must be intersections between (a a( o s)~ l (E) and £, and 
in fact must be intersections with ■ Recall that is an arbitrarily small 
perturbation of £ * ^(O- We nee d to cut down the intersections between 
(<r a o s)~ l (E) and a^. We first concentrate on cutting down the intersection 
between (cr Qc o s)~ l (E) and Now E C U°, where XJ is defined in 

and apart from the component of n {z : \z\ > 1} which contains 00, 



3.2 



the loop is also contained in U°. It follows by induction on i that each 
component of (o~ a( o s)~' l (E) is contained in a component of 

(a Cl o S )-([/°), 

up to isotopy preserving Z m and S , where Ci is the initial segment of C, up 
to the first intersection with S . These are the same as the components of 
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Next we show that there are no intersections between this set and the piece 
of V'c(C') which is common with ^,2/7(^5/7) U P to S 1 and Z m -preserving 
isotopy, where £' is the path in R' m which is matched with £. To do this, we 
simply show that there are no intersections at all with ^ m 2/7(^5/7) • To do 
this, since U° (1 Z2 = 0, it suffices to show that that 1/^,2/7 (/?5/7) is disjoint 
from T° where 

T =Ui< m _ 3 («r Al/r o a )-*(C7 ). 

It suffices to prove this by induction on m. Let D\ be the disc bounded by 
a 2 /7 * ag/28; that is, bounded by an arbitrarily small perturbation of /3 2 / 7 * 
/35/7*/3i9/28*/3g/28- We denote by & D\ the part of the boundary of D\ which 
is an arbitrarily small perturbation of /3 5 / 7 * /?ig/28- The support of -02,2/7) 



illustrated in the figures in 3.12 is disjoint from D\ and so d'D\ = ^2,2/7®' D\- 
We note that ^2,2/7(^5/7) * s disjoint from D\, and ^3,2/7(^5/7) is disjoint from 
U s (Z?i). Now [7° is obtained by adjoining to D\ the region bounded 
by d'D\ and ip m> 2/7 (d'D\). It follows that ^771,2/7(^5/7) is disjoint from 
"4> m 2/j{& Di U s _1 (d'-Di). But the intersection of Vv,2/7 (P5/7) with the unit 
disc can be homotoped to 5'C/° = ip m ,2/7 i&Dl) y i a a homotopy preserving 
Z. Each component of s~ l U° is either contained in, or disjoint from, [7°. 
It follows that ^771,2/7(^5/7) i s disjoint from To. Hence, any intersection 
between V'c(C') an d (cq c ■s) -4 ^) must be contained in £7° and coincides, 
up to isotopy preserving ZD S , with an intersection between ^777,2/7(^5/7) * 
and (a ac o s)~ l (E). Following [22j, we denote by &U° the subset of 
9C7° which is isotopic, up to isotopy preserving Z U S , to VVt7,2/7 (^5,2/7) * 

^m,9/28 (£19/28) ■ Tnen 0777,2/7(/35/7) * V'c(C') can be isotoped, up to isotopy 
preserving Z U 5 , into <9't7° U £. Hence the same is true for a^. So any 
intersection between and (er a > o s)~ l (E) must be contained in d't/ U £. 
But 9'C7 has no transversal intersections with (&/3 2 , 7 s)~*(f/°), and hence 
none with (cr a( o s)~''(E) either. (In fact there is at most one component of 
( a ^2/7 0S )~ l (U°) which intersects U° without being contained in it, for which 
the corresponding component of <T/3 2/7 ° s) _l (/?2/7) intersects the unit circle 
at e 27 ™( 2 / 7 ). This is possible if and only if i is divisible by 3.) It follows that 
any intersection between and (<t Qc o s)~ l (E) is an intersection between 
C and (cr a . o s)~ l (E), up to isotopy preserving Z U S 1 . Furthermore, since 
C \ C2&1 coincides with V'c(C') ; an intersections between (a a( o s)~ l (E) and 
must be with (2^ • 

Suppose that the theorem is true for i, and we consider pre-images of a 
component C of (<7 a . os)~ l (E) under a ac os. So by the inductive hypothesis 
C is a component of (o"( 2fe _ 1 o s) (s (.E) U s _1 (C2fci-i)) and 
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where E\ and E 2 are components of s~' l E and U) r £ fl m ,o if ^rafC^mfC') ^ 
[7° 7^ 0. and w r ,n(C),m(C) denotes the segment of uj t from the m(C) 'th 
intersection with S" 1 to the n(C, r)'th. It is possible that m(C) = n(C, r), in 
which case by convention these segments are absent. If C intersects U° then 
it is contained in U°, unless £(C) passes over e 2mi - 2 / 7 \ In that case, exactly 
one of the sets E r U u r ,n(C),m(C,r) intersect U°. We assume without loss of 
generality that this is true for r = 1. If this happens then w[(uji) 7^ w4(C)> 
and Ei n£ = 0. In fact we have s~ l ED £i = for alK > 0. Let the first unit 
disc crossings of C 1 and ( 3 be represented by 

D( Vl ) = D((L 3 L 2 R 3 )^ Ul (L 2 R 3 L 3 D 

and 

D(v 2 ) = D((L 3 L 2 R 3 ) k2 u 2 (L 2 R 3 L 3 D 

respectively, where k\ and k 2 are maximal. Then k\ = k 2 or k 2 = k\ ± 1 
and D(v 2 ) is strictly between D{v\) and D({L 3 L 2 R 3 ) ±l v\). This is all that 
is needed. 

Since any intersection between (^fci and £{C) must occur outside the 
unit disc, it cannot occur on £2/^ \ C2fci-i 5 and must occur on C2fci-i- There 
are no transversal intersections between and 0J r ,n(c),m(c,r)i because if 
u rt n(c),m(C,r) intersects U° then co r is a path in R m fl and cannot have 
transversal intersections with ( £ R m ,o, because paths in R m fl have no 
transversal intersections |22j. It remains to consider how ^2fci can intersect 
E\ U E 2 . By |4.5[ there are no intersections between dE and dE\ U dE 2 if 
(C : 1 < i < 4) is an upper or lower quadruple, and C2/C1 \ C2fci-i is in dE 
Since E\ and £2 are contained in the unit disc, and C2i+i \ On is in the ex- 
terior for all i > 1 , the only possible intersections between Q 2 k x and E\ U E 2 
are with C2fci-2- We now show that no intersection is possible in these cases. 
The case of k\ = 1 is dealt with since then 2k\ — 2 = and Co is empty. So 
we can assume that k% > 1. The subsets E\ and E 2 of C are bounded by 
paths uj t and u r+2 in i? mi o (for r = 1 and 2), where oj\ and W2 are as above. 
By the invariance properties, k(Lu r ,Lu r +2) > ^(C^C 3 ) > &i — 1 or > k\, de- 
pending on whether the quadruple {Q : 1 < i < 4) is of type A or of type B. 
We can extend the notion of type A or B to lower quadruples, and if k\ = 2 
then (C* : 1 < i < 4 is a type A quadruple. Suppose, for contradiction, that 
^fcj intersects the component of E r between ui r and oo r +2- This is certainly 
impossible if w' x {C) = u/^uv) because then C2/C1-2 or C2/C1-4 has to coin- 
cide with w rj2 fc 1 -2 or a; rj 2fe 1 -4 (or w r+2 ,2fci-2 or w r+2 ,2fc 1 -4)- WE necessarily 
have C2fci-2 coinciding with (jJ rj 2k\-2 or k>r+2,2fci-2 if &i = 2, because then 
(C J : 1 < J < 4) is of type A. It is also impossible if w'^Q 7^ w'^Ur) because 
although paths ( and u in R m ,o can occasionally intersect if i«i(C) 7^ ^i(w), 
intersections can only be between r'th components of intersection with the 
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exterior of the unit disc for the same r. So ^2fci cannot intersect E1UE2 This 
completes the proof for upper and lower quadruples. 

Now we consider the case of (£* : 1 < i < 4) being of type C or AC. 
There is no intersection if k(uo r , oJr+2) > k±. Since £;(CC 3 ) = ^i the only 
possibility is that k(tJ r , 0J r +2) = k\. If k\ > 1 then there can only be an 
intersection if w'^ujj) = y and w[(() = x and U x nU y 7^ 0. But y also has 
to be in s~ l (x), and this is never true in the cases when U x n U y 7^ 0, except 
in the case i = 0. So the only possibility is that k\ = 1. The proof for type 
AC is then exactly as for type A, so now we consider type C only, and we 
write w/^C 3 ) = uL^ and w 2 (C 3 ) = uau ' f° r a basic exchangeable pair (a, b). 
Then D{w' l {C){L 2 RzL- i ) 00 ) is between D^L^^R^) 00 ) and D(ubL 3 L 2 ) 
and is maximal to the right of D(ubL^L2). If D(w' l (Q)(L2RzL 3 ) (X ') is also 
between D(vuLs(L2R3L 3 ) co ) and D(vubL^L2) then u must be a prefix of 
fit and so u = v n v' for some re > 1 or v = uu" . But DiubL^L^) also has to 
be in D(vu). So v n+1 v' has to be a prefix of v n v'bL^L2. So W has to be a 
prefix of v'bL^L2- This is impossible because w\(vv') = vv' and wi(v'bL^L2) 
is a proper prefix of vbL^L2- 

□ 

4.9. The first four elements of the fti sequence 

In this section we prove Theorem |2.8| for the first four elements of the 
sequence U{ = uJi(ft), given a capture path ft 6 Z m (3/7, +, +, 0). As in 



2.8, we let 7$ be the sequence of elements of ^(V^m, ai) and (0021-1,^21 



the sequence of adjacent pairs in Q m such that p{ft) successively crosses 

p(ji * W2i-l) * P{li * U2i). 

Lemma 4.9.1. Then there is a quadruple (/% : 1 < i < 4) 0/ type A, AC 
or C such that 

(p(uj l ),p(u2)) = (ftuft2), 

(p(uj 3 ),p(uj 4 )) = (ft' 3 ,ft' 4 ), 

where (/3 3 , ft 4 ) is the adjacent pair in R' m0 which is matched with (ft3,ft 4 ). 
Moreover the following holds. Either ^1,3,^ = V^fts preserves D(fti, ^2) 
or there is a single basic exchange a 6 and prefix v such that C(va f-> 
vb,D(X) intersects both D(fti,ft2) and its complement, where X = L3 or 
BC , depending on whether a -R- 6 is a basic exchange for L3 or BC . If 
(fti '■ 1 < * < 4) is of type C or AC then a f-> 6 is the basic exchange 
occurring in the definition of types C and AC. 

PROOF. We already know that (fti, fti) = (C,i(x), &(x)), where (Q(x)) is 
the ^-sequence for x. Write Q(x) = Q and let (C^-d C2J be the adjacent pair 
in R) m fl which is matched with ((21-1X21)- Write E = E^^ 3 . Clearly, if 
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(i(x) is defined for i = 3, then (p(uj 3 ), p(u±)) = (g 3 , £4) and (£3, C4) = (fa, fa) 
has the required properties, unless I(C3,(4) intersects the support of ip( lt ( 3 - 
The only way that this can happen is if C(u f-)- u' , E) intersects I(C3, C4) f° r 
some exchange u o u' for Q\ which is prefixed by some basic exchange v a o 
vb. The only way in which C(va o vb, D(L 3 L 2 )) (or C(va O vb, D(BC))) 
cannot be contained in D(d,(2) = E>(fa,fa) is if a 6 is one of the 
exchanges of ( 3.9.1.4[ ) (or (3.9.1.5)). If one of these happens then we have 



D(u'X)C\D(fa,fa)^$ 

where X = L3L2 or X = BC, as appropriate. Let £1 be the exchange 
supported by C(u u',Ep 1 ^. i ) if Q(x) is defined for i > 3 and supported 
by C(u o u' ,D(L 3 L2)) if C3( x ) is n °t defined fo i > 3. In both cases 
there is an adjacent pair (/33,/?4) in i? mj o such that I(fa,fa) C D(uJL 3 L2) 
and ^i(/(/33, ^4)) is under , /?2) and not separated from it by anything 
else in the image of £1. If d(x) is defined for i > 3 then £1 interchanges 
I(( 3 {x),(4:(x)) = ^((3,(3) and I(fa,fa), and also £^ 1)f3 C Ep lt p 3 . In any 
case if is the exchange supported by C(ti o u',Ep lt /3 3 ), then 

eiW3 ! /34)) = 6Wi,/3 3 ). 

Also, since I (fa, fa) is in the boundary of Ep lt p 3 it is clear that I (/3s, fa) is 
not in any component of s~ n (Ep lt p 3 ) for any n > 0, apart from uEp 1; p 3 . It 
follows that 

p(wi) = # for i = 3, 4, 

where (/3 3 ,/3 4 ) is the adjacent pair of R' m Q which is matched with {fa, fa). 
So in all cases we have a quadruple (fa : 1 < i < 4) of type A, C or AC with 
the required properties. It is also true that 

aqi n CuI>(X)), 
[ ' WD(fa,fa)cD(fa,fa) 

where A = L3L2 or SC, as appropriate. 

We claim that there is at most one basic exchange va u6 such that 
C = C(to o vb,D(X)) intersects both Dfa,^) = D(fa,fa) and its com- 
plement. We see this as follows. The set C never intersects (Ci: C2) be- 
cause there are no values of w[ between w[((i) and iv'ifa), and w[(C) 
is never between two values of w[(.,y) for any value y of w[ and i > 1. 



We only need to consider exchanges va o -ufr as in (3.9.1.4) for which 



w l 1 (vaL 3 L2) 7^ w' 1 (vbL 3 Ij2), or as in (3.9.1.5) for which w\(vaL 3 L2) ^ 
wi(vbL 3 L2). For all of these exchanges, since there are no intersections 
with I(Ci, C2)) we only need to consider those with w\(vaL 3 L2) = vaL 3 and 
w\(vbL 3 L2) = vbL 3 L2- This condition ensures that for any two such, say 
v\a\ <-)■ and V2C12 -H- U2&2> neither of v\a\L 3 L2 or v\b\L 3 L2 can be a 
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proper prefix of v 2 a 2 L 3 L 2 or v 2 b 2 L 3 L 2 . It follows that if these are distinct 
basic pairs then 

(D(vi ai L 3 L 2 ) U D{vibiLzL 2 )) n (D(v 2 a 2 L 3 L 2 ) U D(v 2 b 2 L 3 L 2 )) = 0. 

Now we show that D(vib\L 3 L 2 ) and D(v 2 b 2 L 3 L 2 ) are not in D(^i,(^ 2 ) for 
the same pair I (£1^2)- But if D(v\biL 3 L 2 ) C Z?(Ci,C2) then ^(Ci) must 
be the maximal value of w[ to the right of D{vib\L 3 L 2 ) which means that 
w4(Ci) nas a common prefix with of length — 1. It is not possible 
for this to be true also for v 2 b 2 if v 2 b 2 ^ vib±. So the claim is proved. 



If va t>6 exists as in (3.9.1.4) then, using the same argument, the only 
basic exchange ^202 1*2^2) for which the homeomorphism £ supported by 
C(v 2 a 2 -H- U262) does not preserve vaD(Ci, C2) is vava waub. By induction 
it follows that tpp-i fy preserves U n >o(va) n Z)(t)) 

□ 

4.10. A general property of /3 quadruples 



In order to prove Theorem |2.8| in its entirety, we need some inductive 
information about the form that a quadruple (/?4j+t(/3) : —3 < t < 0) can 



take, assuming the existence of j3j(/3) as in 2.8 for j < 4i. 



Lemma 4.10.1. Corollary 4-7. S\ and Lemma \4-8.S\ remain true if we gen- 



eralise to include quadruples : 1 < t < 4) 0/ t/ie following form. There 
are two quadruples (£* : —1 < i < 2) and (C _1 ) C°> C 3 ) C 4 ) which are ei- 
ther both (^quadruples or both type C, and E = EUi ^3 is defined to be 
E^-i^i \ Ep^a. Also any component of (cr Qc o s)~ n {E) coincides with a 
component of (a^ k o s)~ n (E), where Cfc is the longest common segment of C 1 
and C 3 . 



Proof. First we consider 4.7.2 Without loss of generality we have 



E^i^s C E^-1^3, and hence any component of s n (E^i^ 3 is contained in 



the corresponding component of s~ n (E^-i ^3). By 4.7.1 any component 
of s~ n (E^-i is either contained in or disjoint from each of E^-1^3 and 
£i. In the latter case we use the fact that since it is not possible for a 
component of s~ n (E^-i ^a) to contain E^-i n, for n > 0. So any component 
of s~ n (E^-i ^3 is either contained in or disjoint from Eqi (-3 = E^-i fz\E^i ^a. 
So the same is true for any component of s~ n {E^\^3 



The proof of the analogue of 4.8.2 is essentially the same as the proof 
of 4.8.2 The proof that any component of a a( o s)~ n (E) coincides with a 



component of a^ k o s) n (E) is the same as before. For the remainder of 



the statement of |4.8.2[ we only need to check that Ck does not cut through 
the interior of components of s~ n (E) Since E C E^-1^3, this is the same as 
before. □ 
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Theorem 4.10.2. Let (3 £ 2^,(3/7, +, +, 0) with endpoint p(x) . Suppose 



that /3j(j3) exists as in 2.8 for any j < Ai. For any i > 1, let ipx,4i-i,p = 
£ n o • ■ • o £ l7 where each £g is a disc exchange with support C(v£ v' t ,E(), 
where Eg = E^j-^Aj—i f or some j < i depending on £. For any 1 < £, let 
■0 = &° • • • Ci- -E-oc/i component J\ ofif)(ri *T2) (~){z : \z\ > 1} over x, where 
(•Ti, T2) rans over a// adjacent pairs (t\, r<i)in R m fi, is paired with some other 
arc J2 which is similarly defined with respect to some adjacent pair (73,74), 
with the following properties. 

1. Paired arcs J\ and J2 both cross (5, with one inside the other. 

2. Choosing the numbering so that arcs of Tp(r\) and V>( T 3) adjoin J\ 
and J2 at one end, there is no path in R m fi which cuts between 
ip{T\) and tp^Ts), including cutting between J\ and J2- 

3. Every pair of arcs J\ and J2 is of one of the following forms: 

a) subarcs of t/?(rT * 73) and ipiri * T4), in either order, where 
(ri : 1 < i < 4) is a quadruple or lower quadruple or type C or 
AC; 

b) subarcs of ip(jz* T i) and ■0(rT* 72) where, for some adjacent 
pair (t_i,to), both (rj, —1 < % < 2) and (t-i,tq,T3,T4) are 
upper quadruples, or both type C or AC; 

Remark We shall refer to J\ and J2 as being paired over x. Of course a 
local S inverse of s n often maps an upper or lower Q quadruple {(,ij+t{x{) : 
— 3 < t < 0) to another upper or lower Q quadruple {Ca+t{x2) : — 3 < t < 0). 
Since S might map the upper unit circle into the lower unit circle, upper 
quadruples can be mapped to lower quadruples, and vice versa. 

Proof. The proof is by induction on i and I. We assume inductively 
that % = 1 or that i > 1 and that the statement is already proved for i — 1 



replacing i. By 4.9.1 to 4.12.3, we already know that (/3t(/3) : 1 < t < 4) is 
a quadruple of type A or C or AC. 

So now we need to prove the lemma for i, and for each £ > 1. We use 
induction on I. So let tfj' be the identity if £ = 1 and ip' = o • • • o £1 
if £ > 1. Writing £ = we assume inductively that the lemma is true for 
ip' replacing vj — which is trivial if ip' is the identity — and prove it for 
ip = £o-0'. Let the support of £ be C = C{v v', E), where vE = Es lt s 3 and 
v'E = E51 §1 , where (5i : 1 < i < 4) and : 1 < i < 4 are both quadruples 
of the inductive type. This means that either (Si : 1 < i < 4) is a C 
quadruple, or of type C or AC, or there are two quadruples (Si : — 1 < i < 2) 
and {5-i, So, S3, S4) which are both upper £ quadruples or both type C, and 
Esi,6 3 = Es_ l! s 1 \Es_ lt s 3 , and similar properties hold for (S^ : 1 < i < 4). We 



know from 4.8.2 that the connecting arc of C between vE and v'E, apart 



from the central arc, consists of common arcs from each of the quadruples 
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(<5i : 1 < i < 4) and : 1 < i < 4). Let J[ and be paired sub-arcs 
of t//(t{ * t' 2 ) and V'( T 3 * r 4) where (r/ : 1 < i < 4) satisfies the inductive 
hypothesis. 

If C does not intersect J[ U Jg, then there is nothing to prove. If nei- 
ther vE nor v'E intersects J[ U J' 2 , but C does intersect J[U J 2 , then the 
intersection has to be of the arc of C between vE and v'E, with J[U J 2 . 
But, using the inductive hypothesis, by property 2 of the lemma for J[u' 2 , 
no part of the connecting arc of C can separate J[ and J 2 . 

If vE or v'E 1 contains J{ U J 2 , then £(J{ U J' 2 ) is a single pair of arcs 
JiU J2 with the required properties. In fact (Ji, J2) is a paired arc of exactly 
the same type as (J[,J 2 ) because £ maps quadruples in vE to quadruples 
in v'E. 

So it remains to consider what happens when one of v E or v'E intersects 
J[ U J 2 but does not contain it. Suppose without loss of generality that vE 
intersects, but does not contain, J[ U J 2 . Then, by the inductive hypothesis, 
there is a ( quadruple (77^ : 1 < i < 4) such that J{ and J 2 both intersect 
E^rf and vE = Es lt $ 3 also intersects ^ . Also by the inductive hypoth- 
esis on J[ and J 2 , we have J 2 = 1(773,774), and either J[ = /(r?^,^), or J[ 
intersects the region between J' 2 and the nearest segment of one of 77^ and 772 
to 1(7)1, V^)- By the inductive hypothesis on vE we have (S±, 62) = (r][, r]' 2 ) or 
<5o) depending on whether or not (5i : 1 < i < 4) is itself a £ quadruple 
or type C quadruple. So then there are various configurations to consider. 
The figure shows the configuration when (5i : 1 < i < 4) is a ( quadruple 
and ip' is the identity on vE = E^^ — which means that tp' is also the 
identity on vE — and the new pairing is of (^3,^4) with (773,774) = (t^t^) 
- and also of (63,54) with (r]'i,r]' 2 ) = {t[,t 2 ), but that is not shown in the 
picture. Now suppose that ip 1 is not necessarily the identity on vE. If there 
is an intersection between vE and J[ U J' 2 then necessarily at least one of 
-f(^3> £4) and I (Si, 82) is under J[, say 1(63, 84). If 1(5^, 64) C ip'(E r ^), then 
/(<5 3 ,<5 4 ) = ip' '(1 (t'^t'q) for some I(t'§,t' & ) C E' , where E' is in the support of 
ip' and -Ey(,T^ C E' , where (t' 5 , Tq, 7-3, r 4 ) is another quadruple of the same 
type, and the pairing for £07// = ^ is of £,(J' 2 ) with an arc of ^otp' (I^^t'q)). 
If I(<53, £4) is not in tp'(E') then it is separated from ip(E') by iP'(I(t' 5 , t' & )) for 
some such (t' 5 , t'q), and the new pairing is still of (t§,Tq) with each of (r^, 74) 
and (t{,7"2). Then (t[ : 3 < 7 < 6) and (r{, r^, 7-5, Tg) are quadruples of the 
required types, and this completes the proof of the inductive hypothesis. 

□ 

4.10.3. Satellite arcs. We have seen in l4.10.2l that there are a number 
of ways in which paired principal arcs for \ip] and R m ,o can differ from 
a C quadruple, up to isotopy preserving S 1 U Z^. We have seen that if 
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Figure 5. Pairing of type 3b) 



ip = ipi^i-i^ for any capture path f3 G 2(3/7, +, +, 0), the paired principal 
arcs for ip(R m fi) have no transversal intersection with principal arcs for R m fi, 
and and pairs of principal arcs for ip(R m ,o) are not separated by any other 
principal arcs. If both endpoints coincide, then we say that this is a pair of 
satellite arcs (for tp), or a satellite pair.P&irs of arcs which are not a satellite 
pair are called a non-satellite pair. If I(ipi^%-5 J p(^4i-3))' l Pl > 4i-5,p(^u-2(^)) 
and / (V'i,4i— l,^ (y^4i— l ) > V'l,4i-i, / a(/24i(/3)) are a satellite (or non-satellite) pair 
over p(w(f3)), then we call (/34i+i(/3) : —3 < i < 0) a satellite quadruple (or 
non-satellite quadruple. 

Corollary 4.10.4. Assume the existence of (3 'j (/?) wni/i the properties of 
Theorem 2.8 for j < \i. Then ^4i-3,4j-i,/3 «s the identity on I(fin-i(p), /?4i(/3)) 
/or aZZi > 2, and (/?4j_3(/3), /?4i-2(/3)) and (j3n-i(j3), j3n((3)) are the adjacent 
pairs in R m ,o whose principal arcs for [ipiM—sp] are the next two inside the 
principal arc of (/3,y_5(/3), fiu-^ft)) for [ipi^i-sfi] which is crossed by (3. 



Proof. By |4.7.2[|4.10.1| and |4.10.2[ then any component of 
s _ ™(£ , 4j_3 j 4j_i )i (3), for any n > 0, is either strictly contained in ^44-3,41-1,8 
or is disjoint from it. Hence it cannot intersect I(f3^i-i(f3), f34i((3)), which 
is in the boundary. So if C(v v' , E) is the support of any disc ex- 
change in the composition for ^n-z^i-i^ then vE and v'E are disjoint 
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from I(/34i_i(/3), /?4j(/3)). There are also no transversal intersections between 
{(Pii-l, Pu) and the two segments of paths ini? m) o hi C and no intersections 
between I(P^i-i, (3^) and the central arc 1(C) of C . □ 

4.11. Satellite arcs 



It will be clear from 4.10.2 that satellite arcs are formed by the action of 



disc exchanges. From the form given for the support of a disc exchange £ in 



4.8.2, and 4.10.1 we see that satellite arcs for Vl 4»— l jS are always parallel 
to components of 

( w l,n(C),m(C) U w 2,n(C),m(C) U ^(C)) \ S 1 

for varying C, where C is the support of some disc exchange in the com- 
position for ipia-i p. To see this , we need to use the fact that w'^fa) is 
constant for i > 3. So then there are never transverse intersections between 
t(C) and 1(C), or between Wjn(c),m(C) an d &j,n(C'),m(C')] f° r different C 
and C , and for i, j G {1,2}. So satellite arcs are always parallel either to 
arcs 1(C) or to segments in the exterior of the unit disc of paths in i? m> o> 
not including the first segments of such paths. 



4.12. Final proof of Theorem 2.8 



We are now finally ready to prove Theorem |2.8| in full generality. We 
do this for the different cases of the quadruple (Pi(fi) ■ 1 < i < 4). Let 
j3 G \calZ m (3/7, +, +, 0) In what follows, we use the notation E^j-z^j-i^ 
for the set Ep 4:j _ 3> p Aj _ lt p if 2j < i and the existence of the sequence f3i(/3) 



for I < 2i as in Theorem 2.8 has been established. We write E^-^^j^i for 
-E , 4j-3 i 4 : ,-i i/ g if no confusion can arise. 

Theorem 4.12.1. Let (fa : 1 < i < 4) be of type A. Then Q3i, /3 2 ),(/33, At)) 
extends to a sequence (fai-i, fai) of adjacent pairs in R m ,o such that, ifji is 
the sequence of elements ofni(Vs tTn , a\) and (uj2i-i,^2i) the sequence of adja- 
cent pairs in Q m such that p(j3) successively crosses p(ji * W2i-i)*p(7i*W2i), 
then 

(/92i-i, Ah) if i is odd, 

(?2i~i^2i) if i is even > 
where (/3 2i _ 1; /3 2 j) is the adjacent pair in R' m0 matched with (foi-i-, @2i)- 
Then I(^2j-i, faj) is contained in D(fa,f32) for all j > 2. 

Proof. Naturally, this is proved by induction on j. It is true for j = 2 
by the assumption that ((3j : 1 < j < 4) is of type A. Using 4.8.2 this 



(p(uj 2 i-i),p(u)2i)) 



means that I((3^,f}/{) is disjoint from (afii o s)~ n (E\^) for all n > 0, and 
1(03, Pa) C D(j3\,(52)- Suppose that we have proved the Theorem for j3j for 
j < M. Then we consider ipi^i-i,f3- We claim that tpiAi-i,/3 does not map 
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any principal arc under /(■0i,4i-i, / g(/34i-i), out of D(j3\ } f$2). To 

see this, as usual, we write 

1pl,4i-l,p = ^l,3,/3 o ■ ■ ■ o ^4i-3,4i-l,0 

for 1 < j < i, and we write ^4.7-3, 4j-i,,3 as a composition of disc ex- 
changes with supports C(uj^ o u'j e , ^47-3,47-1,0 where E^s^j-i^ = 
^-sf/SJ.ftj-j^) an d itj,^ -H- u'-^ is an exchange for ^-3. This means 
-f-T- Uj^' is prefixed by a basic exchange Vj/cij^ <-> v j,ibj,i, where the first 
letters of a, ^ and 6^ are different, that is, each o,-f is one of the basic 

exchanges listed in |3.9.1[ From what we now know about the quadruple 
(j^Aj+t{0) '■ ~ 3 < t < 0) from 4.10.2, and from the inductive hypothesis, we 
have 

i?4ji-3,4ji-l H (L3L2-R3)" - ^4j 2 -3,4j 2 -l,/3 = ® 

for all n > and all j\ and j2- It follows that we can only have a nontrivial 
intersection between and Uj^^^h-^Ah-^-fi if one of the 

following holds. 

• v hA = v h,h and WaAiA) = { a h,t2i h nA}> 

• One of or Vj lt i 1 bj 1 ^ 1 is a prefix of Uj 2r £ 2 or vice versa. 

We also know from |4.9~ that there is at most one basic exchange a 6 and 
prefix f such that C(o O D(X)) which intersects both D((3i, ^2) and its 
complement. If oh 6 and u do not exist, then ipi } u-l,i3 preserves .D(/3i, ,$2). 
So suppose that a -B- 6 and u do exist. Then there is an exchange u v! 
for /?i which is prefixed by va o vb and v! n D(/3i,/32) 7^ (choosing 
it' without loss of generality). Then by hypothesis, since we are considering 
type A quadruples 1(^3, ^4) n u'E\$ = 0, and then we also have 

D(/3 3 ,/34)n U / ( J Ei, 3 U J D(/3i,/3 2 ) = 0. 

Hence if (771 , 772) is an adjacent pair such that 1(771,7/2) C D{^,j3^) and 
4j_i Cf(?7l i ^2)) is not contained in D(/33,f3±), then the first disc exchange 

in the composition for V'l'li-i g which moves /(771, 7/2) out of D(f3^, (3^) must 

have support C(uj^ u'j ^E^j^^j^i) where Vj^aj^ and v t gbj t i do not have 
or i>6 as a prefix, and similarly with the roles reversed. So then further 

disc exchanges cannot move out of Z}(/3i,/3 2 ). It follows that for any j < i 

we have 

V>ii-i(^i,%) C D(/3 3 ,f3i) U D( Vj/ a jte ) U D(v j>e b j>e ) 
for some (j, £) and {%,£, 7^ {o,^}- If 

I(r]i,V2) c D i. v j/ a j,i) UD(vjjbj/) 
for {oj£, Oj ^} 7^ {a, &} then it cannot be moved into the domain of the disc 
exchange with support C(va o vbD(X)) by V'iTi-i /3 ^ f°ll° ws t na t we have 
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a quadruple (fiu+t : 1 < i < 4) such that 

(p(w4i + i),p(w4i +2 )) = (Pa+l, l3 ii+2 ) 
(p(w4i+3),P(w4i+4)) = (/3 4i+ 3,/4 + 4) 

and (fia+t : 1 < t < 4) has all the required properties. 



□ 



Now we deal with the cases of (/% : 1 < i < 4) being a quadruple of type 
C or AC 

Theorem 4.12.2. Let (3 e Z m (3/7, +, +, 0) and let p(f3) denote the end- 
point of p. Let {Pi(/3) : 1 < i < 4) = (/% : 1 < % < 4) be of AC. Let va o w6 
6e i/ie fraszc exchange as in 4-9.1, prefixing the exchange u o u' /or a/so 
as in 



4-9.1. Then f3j exists as in Theorem 2.( 



£>(/%-!,/%) C (£>(/?!, ft) n £4,3) Ui<< ^(^1,3 

/or a// j. 

Remark We automatically have n > 1, as (/% : 1 < i < 4) is of type AC. 

Proof. The proof follows the same lines as the proof for type A quadru- 
ples. By the definition of type AC we have 



We also have 
but 



D(l3 3 ,!3 4 )cu(E 1>3 nD(L 3 L 2 )). 

u'E lt3 c l>(/3i, ft) n £1,3 



uE h3 n E h3 = 

This might seem strange because the first common unit disc crossing of /3 3 
and /?4 is on one side of uE\ t3 , and the second common crossing is on the 
other side of uE\^ 3 . But the paths of R m fi with first two unit disc crossings 
in common with f3 3 and /?4, and the third crossing strictly between this and 
the second and the first, are not in E\ 3. The paths in uE\ >3 are of this type. 
Related to this, provided v is nontrivial, or u 7^ va we have 

L 3 L 2 R 3 Ei 3 n £1,3 = 

and , further, 

LsLiRsiUi^tfE^s) n (U^ou^i^) = 
If v is trivial and u = a then we still have 

L 3 L 2 R 3 (E 1>3 n D{BC)) n {E l>3 n D{BC)) = 

and 

L 3 L 2J R3(U i > 1 *u i £i,3) n (U;>i^£ li3 ) = 0. 



4.12. FINAL PROOF OF THEOREM EE 



77 



In all cases, we have 

£>03i,/9a) n L 3 L 2 R 3 (E lj3 UD(p 1 ,p 2 )) = 0. 
In view of this we define 

E = U i > 1 u i E lt3 UD(p 1 ,p 2 ). 
Then in all cases we have 

E n L 3 L 2 R 3 E = 

The only exchange u 2 f-> u' 2 for p 3 such that C {u 2 o u' 2 ,E) intersects 
uEx t 3 U D(f3i,{3 2 ) without being contained in it is u O u' . Similarly the 
only exchange u 2 -H- u' 2 such that C(u 2 o u' 2 ,E) intersects Ui<j< n u*£ , i ) 3 U 
D(/3i,(3 2 ) without being contained in it is u n+1 o u n v! . It follows by in- 
duction on i, using |4.9.i] |4.8.2[ |4~10.1| and |4.10.2| as in |4.12.1[ that Pi exists 
as in the statement of 2.8 for all t < 2i, for all i, with /(/^j-i, @2j) C £7 
for all j < i. These properties imply that w'^Pj) — = w[(P 3 ) for all j > 3 
and hence the exchanges for Pj are closely related to the exchanges for p 3 . 
In particular it is still true that C {u 2 o u' 2 ,E) is contained in E whenever 
it intersects it, where u 2 o v! 2 is an exchange for /3j, for any j > 3, since 
Jj*fo(ZE. ' □ 

Theorem 4.12.3. Lei (3 e Z m (3/7, +, +, 0) and let p(P) denote the end- 
point of p. Let (Pi(x) : 1 < i < 4) be of type C, with associated basic 
exchange va u6 prefixing the exchange u o n' for p 3 . Then Pi exists as 
in Theorem \2.8\ with 

(4.12.3.1) TM J (C2i-i,C2i(*)) C D(p u p 2 ) 
for all i > 2 and 

(4.12.3.2) D(p 2i _i, p 2i ) C p(/3 1 ,/3 2 )n J Ei, 3 )U n >i 
for all i > 3. 

Proof. By hypothesis, (/% : 1 < i < 4) is of type C. We can write 
Ei t s = E± U E% where 

Ex = {C G ^1,3 : «4(00 < K(C) << wi(Cl)} 

^ = {C€^:«/ 1 (C)=«/i(C3)} 
Then the conditions of type C are such that 

uE lt3 n Ei )3 = mEi n E 2 . 

It is also the case that u' D(L 3 L 2 ) n 3 = - which was not the case in 
14.12.11 As before we have 



E1.3 H L 3 L 2 R 3 E 



1,3 
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and the only exchanges u 2 o u 2 for which C(u 2 u 2 ) intersects £^3 
without being contained in it are u o v! and uu o uvf. in fact, we now 
have 

uuE\£ U uu E\ }3 ) n £4,3 = 0, 
but C{uu -H- W, -Ei,3, which is the support of a disc exchange in the com- 
position for -01,3) has transversal intersection with I(/?3,/34). It follows that 
(/3 5 , As) exists and either I(/3 5 ,/3 6 ) C /3 4 ) n«£? 1(3 or I(/3 5 , /3 6 ) C u 2 E 1)3 . 

In both cases {At, (3%) exists with all the required properties and I {fly, C 
D{(5 3 , /?4)nn£ , i i3 or 7(/3 7 , /3 8 ) C u 2 E 1 ^ 3 respectively. Then similarly to |4.12.2 
we define 

E = D(p 1 ,f3 2 )UU n > 1 u i E 1<3 
Once again if u 2 -H- u 2 is any exchange for (3 3 , then C(u 2 u 2 ) is contained 
in E whenever it intersects it. So by induction /^exists as i Theorem 2.8 for 
£ < 2i for all i > 1, with I(f3 2 i-i, f3 2 i) C E, and C(u2 o u^) is contained in 
E whenever it intersects it for any exchange u 2 o for f3j, for any j > 3. 

□ 



CHAPTER 5 



Specific examples 

In this chapter we expand on the examples in |23j. We show, some- 
what surprisingly, that the Thurston equivalence classes found in [23] are 
considerably larger than was demonstrated there. We will use this class of 



examples in Theorem 6.2 



5.1. Some old and new notation 

For any word x which ends in C, we write p(x) for the point in Zf]D(x) 
of lowest possible preperiod under s. 

It is convenient to modify and extend the notation of [23] . As in |23] 
we define 

a = L 3 (L 2 R 3 ) 2 , b = Ll 
c = L 3 3 L 2 C, 
d = L 3 a, 
v = L 3 L 2 R 3 a, u> = L 3 L 2 R 3 b, 
= L3L2R3L3L2C, 

to = L3L2R3CL, 

and inductively, for k > 0, we define 

Vk+i = v k tka, t k+1 = v k t k d, u k+1 = v k t k c. 

Now we generalise this construction. Let a = (a(k)) £ {a, } N . We define 
words v ka , t ka and u ka for all k > 0. To start the induction we define 

(v if a(0) = a, 

V , a - < «0, a - t0- 

I t«0 n a ("J = 0, 

Then we define, for k > 0, 

Thus, the sequences v k , t k and u k are v k>a , t kt0l , and u kjOC in the special case 
where a = a°°, where a°°(k) = a for all a. We also define c/ for £ > to 
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be the sequence such that 

a\k) = 

Then the word which was called w^ T in [23J for < £ < r is v ra i in our 
current notation. It will sometimes be convenient to write 

v k,a e = v k,i, tk,a l = tk,£, U ka i = Uk,l 

which is the opposite order of indices to that used in [23| , but since different 
letters are used, hopefully this will not cause confusion We define, for r > 

X f — Uf-IXf 

and, more generally, 

Xr,a — V r ^ a U r ^ a , -^r,a e — -^r,£- 

We define j r,a to be the path in Z(ai, +, +, 0) with endpoint p(x r ^ a ) and 

7 r^ = 7 r,« £ j 0<£< r +l. 

Since x r>a depends on a(£) only for £ < r, there are only finitely many choices 
for fact, 2 r+1 choices. In [23J, it was proved that the captures a„ r ,eos, 

for < £ < r + 1 are all Thurston equivalent. (The notation here has been 
changed from that in [23J, as /3with various indices is rather heavily used in 
this paper). In |23j the proof was direct. We shall now give a more indirect 
proof in keeping with the methods of this paper. Note that the preperiod of 
the points x ra is the same for all a. We fix m so that p(x riCt ) is of pre-period 
< m under s. Write n r i = n(7 r ^), and n(r, a) = n{^ r,a ). We will show the 
following. 

Theorem 5.2. Fix r > 0. Let ct\ and ct2 G {a,b} r+1 be such that, for 
some p < r, 

a\(i) = for i < p 

ati(i)a, 012(1) = b for all p < i. 
Then for 7, = 7 r ' ai , the captures <r 7l o s and cr 72 o s are Thurston equivalent. 
Hence the captures (T~r, a o s are Thurston equivalent for all a £ {a,6} r+1 . 



The final claim of Theorem 5.2 follows easily from the first part, because 
we see inductively that u 7 >-,a is Thurston equivalent to a^v°° for all a 6 
{a, by moving from a°° to a in a series of steps, cti for < i < n. To 
do this, we define ao = a°°, and let pi be the increasing sequence of non- 
negative integers such that a(j) is constant for pi < j < pi+\ and a(i) = a 
for i < pi . Then we define a» by induction on i by 

a i+ i(j) = ai(j) if j < pi, 
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aj+i(j) = b 7^ a = cti(j) if pi < j and if i is even, 

aj+i(j) = a / b = cti(j) if pi < j and if i is odd. 

Then a n = a. We shall use Theorem |5.2| in Chapter [6] to show that the set 
of capture paths 7 in 2frn such that cr 7 o s is ecjuivalent to <7 72 ° <s for precisely 
2 r+1 capture paths 72 in Z m , is of positive density, as m — > 00, for each r > 
(in fact, also for r = — 1, but that case does not use this construction). The 
idea of that proof will be to show that, for 7 = 7 r,a , for each a G {a, 6} N , 
the density of paths u G R m ,o m a sufficiently small neighbourhood U of (3 
such that o"^ o s is equivalent to <r 72 o s for exactly one path 72 in a given 
neighbourhood U' of 7, approaches 1 as U is made arbitrarily small, and 
that any capture path 73 G Z such that o w o s is equivalent to <r 73 G has 
to be in a given neighbourhood ?7» of j r ' £ or C/^ _ of 7 r ^> _ , for {/ sufficiently 
small. 



We now prove 5.2 This proof follows the lines of the proof of the cor- 
responding result in [23j pretty exactly, with some minor differences of no- 
tation, to accommodate the notation of this paper. I had actually hoped to 
provide a proof which gave an explicit calculation of the path (3 G R m fi such 
that ap o s is equivalent to <r 7 o s for 7 = 7 r,a , for all a. But the calculation 
is simply too complicated. 

Proof. Write Exactly as in [23], D(y) is 

to the right of D(x). Now we imitate the proof of Lemma 2.6 of |23j. 
We claim that the suffixes u of y such that D(u) is between D(x) and 
D(y) are precisely those which start with v aijP+ i or t aijP+ i = v a2 ,p+i or 
u ai)P+ i = u a2 , p+ \. We see this as follows. The largest common prefix of x 
and y is v aitP t aitP L3 = v a2tP t a2tP L3. So this must also be a prefix of u, if 
D(u) is between D{x) and D(y). Since u is also a suffix of y, it must start 
with either v aitP+ i or t ai , p+ \ or n QliP+ i. It remains to show that this is a 
sufficient condition for D{u) to be between D(x) and D(y). If the prefix of 
u is i Q1 , p +i or u Ql;P+ i, then this is clear. So now suppose that the prefix of 
u is v ai , p+ i. It is clear that D(u) is to the right of D(x). So we need to 
show that D(u) is to the left of D(y). For some k with p + 1 < k < r, it 
must be the case that tk ai is a prefix of u. Since D{tk m ) is to the left of 
Z)(f/ C)Q1 ), which contains D(x), the claim is proved. 

Now the proof continues exactly as in [23J. We choose z with G 
such that all the letters of z apart from the last letter C are in {L3, L2, -R3}, 
such that D (z) is to the right of D(y), and such that the forward orbit of 
p(z) does not intersect the subset D' of the unit disc between D{x) and 
D(y), that is 

p(z) i U n > s- n (D(x) UD'U D(y)). 
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Figure 1. u 

We let j(z) denote the capture path in 2(3/7, +,+,0) which crosses the 
upper unit circle into D(z). Now we define paths r/i from p(z) to p(y), and 
a closed path u> based at p(z). The path r\\ first crosses the unit circle out 
of the gap of L3/7 containing p(z), and then crosses the second time into the 
gap containing p(y). The closed loop u also crosses the upper unit circle 
out of the gap containing p(z). It then crosses the upper unit circle again 
at the top edge of the right-most leaf of L 3 / 7 in the boundary of the gap 
containing p(x). It traces an anticlockwise path round the boundary of the 
subset of the unit disc bounded by D(x) on the left and D(y) on the right, 
as far as the top of the left-most leaf in the boundary of the gap containing 
p(y). It then re-crosses the upper unit circle into the gap of containing 
p(z), and ends at p(z). 

It is then immediate that 

<7 7l o s — a Vl o <r 7z o s. 

It should be noted that the notation here is different from that in [23j, where 
the paths which are here called rji and u> were called 71 and a. For most 
of this paper, paths (3, with various indexes, denote paths in R m ,o, and, 
from now on, paths 7, with various indexes, denote capture paths, usually 
in Z{3/7, +, +, 0). In particular, at present, the paths 71 and 72 denote the 
capture paths 7 r > ai and j r > a2 . 

Since the disc enclosed by u is disjoint from the forward orbit of z, we 
have 

(CJ 7 ( Z ) o s , Y m ) (ct w O (T T (^ O S , Y m ) 

for some homeomorphism ip m , for any m such that p(x) and p(y) £ Z m . 
Hence, if 

rj 2=U j* ip m (r]l), 

we have 

(a m o (j 7 ( 2 ) o s , Y m ) ~^, m (a V2 o a 7(z) o s, Y m ). 
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The aim then, as in [23J, is to compute ip m and to show that 

(5.2.0.3) ( 7 (z) * m , + (p(x))) ~ (72, + (p(x))), 

where, here, ~ denotes homotopy constant on + (p(x)), the forward orbit 
of p(x). We then have 



a m °7(z) ° s - a i2 s 



and hence 



7 7i 

as required. As usual, is a composition of disc exchanges with supports 
(oVyfje) ° s) _n (D') for varying n > 0. We only need to consider those disc 
exchanges which have an effect on p(y). These are the disc exchanges with 
supports C(v'a o v'b,D') where v'b is a prefix of x T)Cl2 of the same length 
as a prefix v of x r>ai such that vau = x r>ai - It follows that i/j m (r)i) has 
endpoint p(x), as required, because the successive changes from a to 6 are 
made preceding suffixes u of x r>oll with D(u) C D', that is, precisely the 
changes that are needed to change y = x r>0 t X to x = x r>a2 . These disc 
exchanges also introduce hooks of ip m (r}i) round the sets D(v'a). But these 
do not matter, because such a v'a never occurs as a subword of x, that is, 
none of these sets intersects the forward orbit + {p{x)) oip{x). We see this 
as foilows. Each v'b is a prefix of x T)Ck2 which ends in x T) & 2 before a subword 
o r tp+i,a 2 - So v'b must end in a subword Vk }Ct2 for some k ^ p-\- 1. It 
follows that the only occurrences of v' in x r .Q, 2 must be followed by b, since 



c*2(i) = b for alH > p + 1. So (5.2.0.3) follows, as required. 

□ 

For the remainder of this section, we obtain information as possible 
about the paths A(7 r ' Q )> m preparation for studying perturbations of the 
capture paths 7 r,a in Chapter [6j. We denote by n(a) the largest integer 
such that (/32n(a)(7 r ' a ) is defined. Even though, by Theorem 5.2 ,. we have 

/5 2 „ K )-i(7 r ' ai ) = /32n(a 2 )-i(7 r ' Q2 ), 
for all ai,Q!2 £ {°i&} r+1 ; it does not follow, and is certainly not true, that 
Pi(Y' ai ) = /3i(7 r '° 2 ) for all i. 

5.3. Lemmas about the ( sequence for x r ^ a 

Lemma 5.3.1. 1. 

^i(wowo) = L 3 , w[(w uo) = L 3 L 2 R3Ll, 
w' 2 (v uo) = V0L3L2R3LI, w' 2 (w uo) = w L 3 L 2 R 3 Ll. 
More generally, if a(0) = a then, for all r > 0, 

w'i(x r ,a) = L 3 , w' 2 (x riCt ) = v t aL 3 , 
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and if a(0) = b then for all r > 0, 

w'i{x r ,a) = L 3 L 2 R 3 Ll, w 2 (x r>a ) = woL 3 L 2 R 3 L\L 2 y 
for some y. 

2. For any r > and any a, and any prefixes u\ and u\u 2 of x T) & 
such that each of u\ and u 2 ends in a or b (or u\ can be empty), 
the number of j such that 

\ui\ < \w'j(x r ,a)\ < \ui\ + \u 2 \ 

is equal to the number of occurrences of da or db or dd in u 2 . If 
u 2 ends in c, that is, if x r>a = u\c then we add two for the last 
occurrence of dc. 

3. In particular, for any £ > 0, the number of j for which \ w'j(x r ^ a )\ < 
\vf\-\-l is2 e for allO < £ < r, the number for which \ w'j(x r>a )\ < \vp\ 
is 2 — 1 if a(£) = a and 2 e if a(£) = b, and the number of j for 
which w'j(x rja ) is defined is 2 r+ . 

Proof. 1. This is a direct calculation. 

2. Apart from the prefix v$ or wq of x rjQ (depending on whether a(0) = a or 
b) every other occurrence of vo (or wo) occurs in a subword dav^t® or dbvoto 
(or dawoto or bwoto). Also x r ^ a starts with i^to or w^t^, an d then is made 
up of subwords u with some overlapping: 

dd, davoto, dbv^to, daw^t®, dbwoto, dc. 

For each such occurrence u, if z is the prefix of x T . )Q which precedes the 
occurrence of u in x r ^Q, , then, apart from dc, by the rules described in 13.41 to 
the corresponding word w'j(x r , a ) is: 



3.7 



zdL 2 R 3 L 3 , zdaL 3 , zdL 2 R 3 L 3 , zdaL 3 L 2 R 3 L^, zdbL 3 L 2 R 3 L\. 
As for dc, if x T)(x = zdc then the two words Wj(x rt0l ) corresponding to dc are: 

zdL 2 R 3 L 3 , zdL 3 . 

So, as claimed, we simply need to count occurrences of dd, da and db, and 
two for the last occurrence of dc. Since the occurrences of db in x r ^ a are 
simply obtained by replacing occurrences of da in x r , it suffices to count 
occurrences of da and dd in x r . 

3. A simple calculation shows that the number N{£) of occurrences of 
dd or da or db in t^ is the same as the number in v^, for all A; > 1, and 
N{1) = 1. Also, N(£ + 1) = 2N(£) + 1. So, by induction, N{£) = 2 e -l, and 
the number of j for which |u^(x r )| < \ve\ is 2 £ — 1, adding in w[(x r ) = L 3 , 
but discounting w' 2l (x r ) = viL 3 , since this corresponds to the occurrence of 
da at the end of v?. The number of j for which |tMj(x r )| < \vg \ + 1 is 2 . The 
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number of occurrences of dd or dc in u r is the same as the number of da or 
dd in v r . So the number of words w'j(x r ) is 2 • (2 r — 1) + 1 = 2 r+1 — 1. 

Now we consider x ra in general. The number of occurrences of dd, da 
and db in a is the same as the number of occurrences of dd or da in V£, 
and the number of occurrences of dd, da, db or dc in x r>a is the same as the 
number of dd, da or dc in x r . The only difference is that w' 2t (x r]OC )\ < \ve jCX \ 
if and only if a(£) = b. So the number of j such that \w'j(x rta )\ < \vi\ is the 
same as the number with \w^{x r ^ a )\ < \vi\ + 1 if a(l) = b. 

□ 



Now we consider the sequence Ci( x ) °f 4.4 for x — x r a . From|5.3| and the 



definitions in 4.5 and |4,6| it follows that if a(0) = a, then Ci( x ) is defined for 
all i with 2i < n(x) and (Cii x r,a) : 1 < i < 4) is of type A. If a(l) = b then 
d(x) is only defined for i = 1, 2, but w' 2 (x) = w\{x)u where L^u = t^u' for 



some u and u' , and since vq < to < wq, the conditions of 4.7.3 are satisfied 
for the existence of a type C quadruple (Q : 1 < i < 4) such that Cj( x ) = Cj 
for j = 1, 2, and £j = (j(x a e) for j = 3, 4, for any £ > 1. For most of the 
time, we will consider Q( x r,a) for a with a(0) = a. We will see later that, 
if a(0) = b, then the sequence to consider is Ci( x r,a')i where a/(0) = a and 
a'(£) = a(£) for ah £ > 0. 

For the moment, suppose that <a with a(0) — a. It is reasonable 

to expect that all but the last few disc crossings by (,2i-i( x ) and C2i( x ) are in 
the sequence of crossings determined by w'j(x). Recall that k = k{^2i-\, C,2i) 
is the first integer for which the fc'th unit-disc-crossings of ^2i-l and (,2i 
do not coincide. For the moment, we write k(i,x) for this integer, so that 
w'j(C2i-i( x )) = w'j((,2i( x )) for j < k(i,x). The integer k{i,x) is always odd, 
and k(i, x) < k{i + 1, a;) < x) + 2 for all i. 

Lemma 5.3.2. Let x = x ra for any r > and any a with a(0) = a. We 
write k(i,x) = k(( 2 i-i( x ), C,2i{ x ))- 

1. Apart from (Ci>C2); ^ere are too pairs (^-1(2;), C4i( x )) an d 
(Ca+i( x ) X^i+2( x )) , with i even with 

^fe-i(C2i+ s (x)) = w' k ^{x), -1 < s < 2 



for each odd k > 5. There are two extra pairs for each prefix 

4 



2^0-^3-^2-^3-^3 of x ra such that z has an even number of letters L3 



and L 2 . 

2. {Ca+t( x ) : -3 < t < 0) is of type A if «4(2i-i ,x)-i(^i-i( x )) 
w 'k(2i-i anc ^ °f tyP e B otherwise, in which case 



w k(2i-i,x)-i(&i-i( x )) = zv L 3 L 2 R 3 Ll 
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is a prefix of x r such that z has an even number of letters L3 and 

3. For any a, and any r > 1, the pair (C2i-i(x),C 2 i( x )) is defined for 

i < 2 r+1 + 2 r ~ l - 1. 

Moreover, we have 

\w'k(i,x)-l((2i-i( x ))\ < M 
for i < 3, and for any 2 < £ < r, we have 

l«4(»,x)-i(C2i-i(a:))| < W\ 

for i<2 e + 2 1 - 1 - 1 if a{£) = a, and for i<2 l + 2 l ~ x if a(£) = b. 
If a{£) = a then for the next pair (C2i-i(x), C2i(x)), we have 

\w'k(i,x)-l(bi-l( X ))\ = K-l(C2i(«)| = K| + 1. 

4. For 1 < £ < r, we have 

K(i,*)-i(C2i-l(aO)| < \v e \ + 1 k{i,x) < 2 e , 

and 

k^, x . ) _ 1 (C 2l -i(x))| = 2 r+1 -l * k( i ,x) = 2 r+1 -l. 

Proof. First we consider the case of x = x r . We write (i(v r u r ) = Q 
and hi = k(i, v r u r ). Recall that, apart from the occurrence at the beginning 
of the word, each occurrence of fo^o m v r u r is preceded by da = L^a 2 . 
Now we consider the possible words w'j(v) for any word v for prefixes v of 
v r u r ending in L3L2, for any even value of j. These are the possible words 
for u;^,._ 1 (C2i-i) = w'^-i^i), for any i. Of course the words w'-{x) are 



possibilities, for even j < 2 r+1 . We have seen in 5.3.1 that each word w'j(x r ) 
- without the restriction to even j — is determined by an occurrence of 
da or of dd, apart from j = 1 (which corresponds to the first occurrence of 
t>o) and the three largest possible values of j. More precisely, if z\ = zdd is 
a prefix of v r u r , then the largest j with \w'j(v r u r )\ < \zi\ gives w'j(v r u r ) = 
zdL^RiLj,. If Z2 = zdavoto, then the largest j with \w'j(v r u r )\ < \zz\ gives 
w'j(v r u r ) = zdaL^. In both cases, if z = z'd, then ZL2R3L3 = Wj_ 1 (f r ti r ), 
but this is associated to the previous occurrence of dd in v r u r . The other 
alternative is that z = z'voL3L 2 R3, and in this case w'j_ 1 (v r u r )\ < \z\. By 
induction, there are 2 r — 1 occurrences of da in x r , and 2 r — 2 occurrences 
of dd. Of these, 2 i ~ 1 and 2^ _1 — 1 respectively occur in the prefix V£ of x r 
if £ > 1. We have seen that j = 2 l for the occurrence of davoto preceded 
in v r u r by z, for which the zda = vg for any £ > 2. In particular, this j is 
even. It follows that if zvoto is a prefix of vc, then the integers j\ and ]2 such 
that w'j^VrUr) = ZL3 and w'j 2 (v r u r ) = vgzL3 have opposite parities. Hence, 
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by induction, for each r > £ > 2, the number of prefixes zda of vg with z 
nontrivial and for which w'j(zdavoto) = zdaL 3 and for which j is even, is the 
same as the number of such prefixes with j odd. So both these numbers are 
2 e ~ 2 . Similarly, the numbers for such prefixes zvq of v r u r , are 2 r_1 for both 
j even and j odd, for all r > 1. 

We have k(l, x) = 1 and k(i, x) = 3 for 2 < i < 5. We have 

w' 2 (C,-) = v L 3 L 2 R 3 L 3 3 for 3 < j < 6, 

and 

ui 2 (Ci) = votoaLs for 7 < j < 10. 
The reason for the extra pairs is that 

w' 3 (vqL 3 L 2 R 3 L 3 L 2 BC) = w' 3 (vqL 3 L 2 R 3 lIl 2 ) = v 2 L 3 L 2 R 3 L% 

and vqL 3 L 3 R 3 L 3 L 2 BC L\R 2 R 3 and vqL 3 L 2 R 3 L^L 2 are prefixes of ^3(^3) 
and w 3 (Cl) respectively. It is therefore clear that I{C 3 -,C,i) is over D(x r ). 
Similarly we have extra pairs for each prefix zvoL 3 L 2 R 3 L 3 i of x r such that 
z has an even number of letters L 3 and L 2 . We do not have any other extra 
pairs, because although there are other prefixes z\L\ of x r , these are prefixes 
of the form z 2 dL 3 = z 2 L^(L 2 R 3 ) 2 L| rather than z 2 vqL 3 L 2 R 3 L^. It follows 



from the detail of the rules in |3.4| to 3.7 that there are no extra pairs in this 
case. 

So the pairs (( 2 i-i(x), (,2i(%) correspond two-to-one with w' k (x r ) for odd 
values of k > 5 and with k < 2 r+1 — 1, and two extra pairs for each prefix 
zvqL 3 L 2 R 3 L^ of x r such that z has an even number of letters L 3 and L 2 . 
We then have 



w' k _ 2 (zv L 3 L 2 R 3 LlL 2 ) = zL 3 = w' k _ 2 (x r ), 

but w' k _ 1 (x r ) / w' k _ 1 (zvoL 3 L 2 R 3 L 3 i L 2 ). If k is odd, and fc — 1 is even, 
there are pairs (C4i-i,C4i) an d ((41+1,(41+2), for some i, such that k(2i,x) = 
k(2i+l,x) and ^_ 1 (C4i+s) = zL\ for -1 < s < 2, and w' q (( 2i+s ) = w' q (v r u r ) 
for q < k—2. The exceptional feature of these pairs is that (C4i+s : 1 < s < 4) 
is of type B, with 

k = k((4i +s -i, Cte+s) = k{(4i-l,(ii) 

for < s < 3, and 

w 'k-i(.Ui+t) + ^fc-i(C4i+«) = w k _ x {x), -1 < t < 2, 3 < y < 6. 

So there are four pairs corresponding to each such value of w' k _ 1 (x) with 
k — \ even. These are pairs (C4i+2s-l(^)) (<u+2s{x)) for < s < 3 for some i. 

The number of occurrences of voto in x r = v r u r is 2 r+1 and the number 
of occurrences in V£ = v^\tg^\a is 2 £ , for all £ > 1. For all r > 1, if u^oto 
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is a prefix of v r , then v r uvoto is a prefix of x r , and vice versa. Moreover, 
exactly one of v r and u r has an even number of letters L 3 and L2 , and hence 
the number of prefixes zv oto of x r for which z has an even number of letters 
L3 and L2 is 2 r . Similarly for all £ > 2 — which we need so that voto is a 
prefix of vg-i and — the number of prefixes zv^tQ of vi for which z has 
an even number of letters L 3 and L2 is 2 . 

It follows that the number of pairs (£21-1 0*0, C2i(x)) is 

l + 4-2 r = l + 2 r+1 + 2 r , 

and the number for which |w^-i(C2i-i)| < \vi\ is 3, and, for £ > 2, the 
number for which |ifl_ 1 (C2i-i)| < \ve\ is 1 — plus twice times the number 
of odd k (even k — 1) such that |iyi j(a;)| < which is 2^ — 2 - plus twice 
for the even number k — 1 such that |w;Li (x)| = |?;^| + 1 - which is 2^ 1 — 1 
— which gives 2 i+1 — 1, as required. The final pair for which k(i, x) < 2^ + 1 
isi = 2 e + 2 e ~ 2 . 

i = 2 t + 2 i ~ 1 . 

The possible values of k(i,x) are precisely the odd k for which w' k (x r , a ) is 
defined. Thus, 4 for x r follows from |5. 3] for x r , and 1 to 4 are proved for x r . 
The proof for x r ^ a is exactly the same, apart from minor differences because 
some occurrences of davoto are replaced by dbvoto- 

□ 

Let x = x r>a for any r > and any a and let 7(x) be the associated 
capture path in Z m (3/7, +, +, 0) and write fii(x) for the associated sequence 



4.12 



following the earlier notation of 3.8 and 4.5 



/3i(j(x)) as in 3.3. We write E^s^-i^ f° r the sequence E4j^,4j-i,p(x) 
If q(0) = a, we also write 

^4i-3,4i-l,a = -^4j-3,4i-l,x = ^C4i-3(z),C«-i(:t;) 

Since Ci( x ) depends only on a(j) for j < i, we see that -E?4j_3 4j_i x = 
E 4i-3,4i-i,a depends only on a(j) for j < t, so long as W k{ 2i,x)-i( x )\ - 
2 ■ \vt\ — 7. In particular, E' 13x is depends only on a(0). We also define 

^4i-3,4i-l,a; = V^-sM^i-i^)- 



We know from 4.8.2 that &(a;) = Pi(x) for i < 4 if a(0) = a. Thus, E x ^ x = 
E' 13x if a(0) = a. We also know that (/3 t (x)) : 1 < t < 4) is of type C 
if a(0) = b, with /3t(x) = for t < 2 and /3t(x) = C(x ai ,r) for t = 3, 

4, where ai(0) = a and ai(fc) = a(k) for A; > 1. 

Lemma 5.3.3. Let x = x a , r for any a with a(0) = a, and any r > 1. 
For a// i, 

(5.3.3.1) jfe(2i, 2) = k(2i + l,x) < k(2i + 2, x), 



(5.3.3.2) 
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(te(x) < (4i +s (x) for all s > 1. 



so 



(5.3.3.3) k(2i + 2,x) > fc(2i+l,a:) =>• fc(2i+2,a;) = k(2i,x) + 2 for all s > 4 

(5.3.3.4) fe(2i + 2,x) = k(2i + l,x)& (u+2( x ) < (n+s(x) for all s > 3. 



(5.3.3.5) fc(2i + 2, x) > k(2i, x) O E' ij+lij+ ^ x C ^+1,^+3,3; for a11 3 > i 
(5.3.3.6) 

k(2i + 2,x) = k(2i, x) & E' 4j+lAj+3jX n E' 4i+iu+3x = for all j > i 



Proof. It is easily checked that (5.3.3.1 ) and (5.3.3.2) hold for the paths 
(n +s (x) which were found in 5.3.2 Also we have k = k(2i+2, x) = k(2i, x) + 



2 for exactly all the pairs (£41+3(2;), ^i+iix)) for which (£44+3 (a;) 
w' k _ 1 (x), as we saw in 5.3.21 We saw in |5.3.2 



pairs and (5.3.3.4) holds for the others. Then (5.3.3.5) and (5.3.3.6) follow 



that (5.3.3.3) holds for these 



immediately from (5.3.3.1) to (5.3.3.4) 



□ 

Lemma 5.3.4. Once again, let x = x rjCX with a(0) = a. The finite se- 
quence of sets {E' 4i ._ 3 4j._i ia; ■ j < n} is strictly decreasing, that is, satisfies 



E\ 



■it, 



CE' 



-l,x 



E' 



-3Au 



-l,x 



— 3,4jj +1 — l,x ^- 4ij—3,4Aj—l,xi 4ij + i— 3,4ij+i — l,x i J -'4ij—3,4:ij—X,x 

for all 1 < j < n, if and only if k(2ij , x) < k(2ij + 2, x) for all j < n, that is, 
if and only if w' k _ 1 ((4i j -3(x)) = w' k _^(x) for k = (2ij,x) for all 1 < j < n. 

Now let I > 1, and let n\{£) = m(£,a) be the largest even integer such 
that 

Ky,*)-i(C:y-i(aO)| = K(,»-i(C2i(ar))| < M 
for 2j < m - 1. (By\5.3.^ m(l) = 4 and m{£) = 2 l + /or 



> 2 is 



independent of a). Then the following hold. 

1. Let u = dd or dvoto or avoto or bvoto- Then 

'a if 1 = 1, 
b if £ > 1. 



3,2m-l,a; 



<^a(£) 



Exactly similar results hold for ui a . 
2. Let £ > 1 and let ct\ and ct2 be such that a\(£') = ot2{£') for £' < £, 
but a\{t) = b and ct2(£) = a, so that t^ ai = t£ >a2 . Write x\ = x r , ai 
and X2 = x T)0i2 . Write n\ {£) = n\ . Then 

D(ve <ai ) C -3,2)11-1,05!) 



D(V£ t a 2 ) C -E , 2ni-3,2n 1 -l,x 2 C ^2ni-3, 



2n\ — \,x\ 1 
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but 

D(vt tai ) n #^1-3,2^1-1,22 = 0- 
Hence, the number of sets E' 4i _ 3Ai _ l containing D = D(t£ >ai L 3 L 2 ) = 
D(ti ia2 L 3 L 2 ) is one more than the number of sets E' 4i _ 3 Ai-l X2 containing D. 
These numbers are 2 e -~ l and 2^ 1 — 1 respectively. In contrast, the number 
of sets E' 4i _ 3ii _ lxi containing D' = D(ye >ai ) is the same as the number of 
sets E' ii _ 54i _ lx2 containing D(v£ }Q2 ). These numbers are both 2^~ 1 . 



Proof. The first statement follows immediately from 5.3.3 in particu- 



lar, from (5.3.3.5) and (5.3.3.6). 

Now we consider the proof of 1. First consider the case I = 1. Since 
we are taking a(0) = a, the set E\ >3 = E[ 3 is the same whether a(l) = a 
or b. In both cases, we have w' 2 (Q) = v oL 3 L 2 R 3 L^ f° r 3 < i < 6 and 
fc(C2i-i,Cai) = 3 for 2 < i < 4. If q(1) = a then 

w' 2 ((7) = w 2 ((s) = v toaL s = voL 3 L 2 R 3 L\a 2 L 3 . 

In this case, for any path Q £ R m fl such that Q intersects D(t\u) for any 
u as in 1, all unit-disc crossings from the second onwards (determined by 
w' 2 (C)) are i n E>(ti) = D(ti ta ), and this second unit-disc crossing is between 
those of C6 and £7 (determined by w' 2 ((q) and w' 2 (C7))- We therefore have 
C6 < C < C7i and all of C) from the second unit-disc crossing onwards, is in 
E' 5 7 and we therefore have D{t\u) C E' 5 7 for all such u. 
If a(l) = b, then 

w' 2 {Ci) = w' 2 (Cs) = v t L 2 R 3 L 3 = v L 3 L 2 R 3 LlaL 2 R 3 L 3 . 

We still have < Ci- Now for any other path £ such that £ intersects 
D(ti) = D(ti, a ),we have w' 2 (() = w 2 (C7) = ^(Cs) and, since the third unit- 
disc crossing £g is the furthest right of all such paths, the third unit disc 
crossing of ( is to the left of the third unit-disc-crossing of ^8) but to the right 
of the second unit-disc-crossing of £• We therefore have Cs < C and hence ( 
does not intersect E' 5 7 in this case, and we deduce that D{t\u) n E' 57 = 
in this case. 

Now let I > 2. Then, writing n\{l) = m, 

fe(ni - = k(m,x) -2 = fe(C2TH,-3,C2ni-l), 

and we have 

C2m-1 < C2ni < C2ni-3 < C2ni-2, 

which is different from the case I = 1. Write k = k{n\,x). Write ti a = zdd. 
For all the choices considered of u, we have 

w'k-iiti^u) = zdL 2 R 3 L 3 u 1: 
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for a word ui depending on u. We also have 

fzdaL 3 if a{£) = a, 
--l(^-l)=- fe - 1 (C 2 nJ = |^ W3 , f ^ )=6 

For any path £ 6 R m ,o) which intersects D(tg a u), we have 

«4-2(C) = ^fc-2(C2m-l), 

and hence, for the same reasons as when £ = 1 we have <^2ni < C if = b 
and £ < C2m-i if ot{£) = a. But because of the difference between the 
ordering of C2«i-3 and C2n x -i from the case of £ = 1, we have 



(5.3.4.1) 



D{t l>a u) C £2ni-3,27u -l,a if a ( £ ) = b , 



(5.3.4.2) 



D(ti i0l u) n E' 2ni _ 



3,2n\,a 



if a(£) 



a. 



Now we consider the proof of 2. If x\ = x rai and x 2 



u r,ct2 



where a\{£') 



a2(£') for £' < £ but ai(£) = b and ot2(£) = a, then for the same reasons as 
before, we have 



E 2n 1 -3,2n 1 ~l,x 2 C ^2ni-3,2ni-l,a;i • 



and 



for j = 1, 2, and 



tj) C ^2ni -3,2711-1,%' 



3,2ni — 1.Q2 



which con- 



From (5.3.4.1) and (5.3.4.2), the number of sets E' Ai _ 3 4i-1 ^ 
tain D(ti tai ), which is a decreasing sequence of sets ending in -E^ni-s 2ni-i x 1 > 
is one more than the number of sets E' A -_^ A -_^ „„ which contain D(tg ia2 ) 



J Ai-3,&i-l,X2 

(which is again a decreasing sequence of sets ending in E' 2ni _ 3 2ni _i 



We 



have seen that the first number is the number of i with 2i < n\ such that 



C4i-3 < C 

that is, by 



4i-5; 



that is the number of % such that E 



4i-3,4i- 



5.3.2 



2 1 sets if £ > 2 and just one set if £ — 1. The number of 
sets E' 4i _ 3 4i _ x X2 which contain D(t£ t0l2 ) is one less if £ > 2 and one more if 
1 = 1, that is, - 1 sets if £ > 2 and two sets if £ = 1. 

□ 



The following lemma follows from 4.7.1 



Lemma 5.3.5. Let x = x r , a for any a and r. If uE' Aj _ 3 x intersects 
I((4i-i-2s(x)Xii-2s(x)) for at least one of s = or 1 then 
(5.3.5.1) 

I((u-l(x), Cm(x)) U I(( 4 i-3(x), Cu-2( x )) U E 4i-3,4i-l,x C ^4j-3,4j-l,x 
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5.4. The /3 sequence for x 



r.a 



We now interpret 4.10.2 for 7 = ■y r,a , for any a G {a,6} , and obtain 
more precise information about the paths {foi-iil) ■, ■ We write x = 

x r> a when no confusion can arise. In particular, we give some information 
about how the sequences {((32i~i( r y), foiil))} and 

{(V'l,4L(i-l)/2j-l,7(/32i-l(7)),V ; l,4L(i-l)/2j-l,7(/32i(7)))} 

differ from the sequence {(£2^-1(2;), (2j(x))}. We sometimes write f3i(x rtCe ) 
or (3i{x) for ^(7) = (3i{~f r,a ), or even if no confusion can arise. 

Theorem 5.4.1. Let x = x r ^ a for any r and a and et 7 = j r ' a . Then for 
any i > 1 with 2i < 71(7), paired satellite arcs for tpx^i-l^ of type 3b) as in 



4-10.2 do not occur. Consequently every quadruple ((34i+t(j) : —3 < t < 0) 



is either an upper or lower ( quadruple, or a type C quadruple. Type C 
quadruples only occur if a(0) = b. Moreover, the following hold. Cases 2 
and 3 only occur for satellite quadruples over x. 

1. /?4i+j(x) = C,Aj+t{x') for —3 < t < and for x' and j depending 
on i, where (C4j+t(x') ■ —3 < t < 0) is an upper £ quadruple for 
x' . If a(0) = a, then every subword vr,to in x is a subword in the 
same position in x' . If a(0) = b, then every subword wq in x is 
replaced by vq in the same position in x' . Once that is done, some 
occurrences of a or b preceding occurrences of votr, may be replaced 
by b or a 

2. I((3 ii+t -i(x), (3 ii+t (x)) = ul((4j +t -i(x'),( 4 j + t{x')) fort = -2 and 
t = 0, and for x' and j depending on i, where all letters of u are 
in {L3, L2, R3} , and an odd number of letters are in {Lz,L2}, and 
with the same restrictions on ux' as in 1. 

3. For some k < k(2i — l,x), the value of w' k ((34i + t(x)) (for — 3 < t < 
0) is maximal or minimal subject to the value of w' k _ 1 ((34i +t (x)) 

For any 1 < I < i, the support of ipu-^,n-i,x can only intersect D(x') 
for any x' as above, if {^4i+t{x) : —3 < t < 0) is of form 1 or 2. Moreover, in 
each of these cases, the pair of principal arcs of ipi t 4i-5,x-{f3ii+t-i(x) , fiu+t{x)) 
(for t = —2, 0) is of one of the following forms, up to isotopy preserving 
S l \JZ 00 : 

a) I(C4e+t-i( x ), de+t(x)) for some i, and t = —2, 0, or is in the image of 
I{C,U+t-i{x'),C,4t+t{x')) under a single disc exchange corresponding to a 
basic exchange a o b, where x' is the image of x under that exchange; 

b) both arcs are parallel to I{C,u-?,{x), Qu-2{x)) for some I; 

c) both arcs are parallel to a common arc of (4£ +s (x) for — 3 < s < for 
some £ where the arc is between S 1 crossings, up to or before the k(4£ — 
3, x) — 1 'th crossing. 
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Similar properties hold if V'4£-3,4j-i i> s replaced by tp' for any decomposi- 
tion ipu-3,U-i = ip" ip' , where each of tp' and tp" is a composition of disc 
exchanges. 

Remark The difference between 1 and 2 is the difference between the 
supports of disc exchanges spanning the upper and lower circle. The extra 
possibility at the end of a) arises because of the differences in the sequences 
Cj{ x r,a) and Cj( x r,a') if oe(k) 7^ a'(k) for some k. 

Proof. Naturally, this is proved by induction. We can start the induc- 
tion because the results are true for i = 1 . Now suppose the results are true 
for {^Aj+tiri) '■ ~ 3 < t < 0), and for ^1,4.7-1,71 for all j < i. As in 



4.10.2 



we aim to obtain the results for (fHii+tin) '■ 1 < t < 4) and for ^1,44+3,7, by 
using the information already obtained about ^41-57' ano - aDOU t the disc 
exchanges of which it is a composition. We need to consider the action of 

We define x' to be of permissible form if x' is obtained from x r by 
replacing some occurrences of a or b preceding occurrences of v^to by b or 
a. This is equivalent to the description of x' in terms of X y Q( 111 statement 
1 of the theorem. By the inductive hypothesis, the support of each disc 
exchange in the composition which can have an effect on D (x) is of the form 
C(ya <-> yb,E' 4j _ 3Aj _ l z ) where E' 4j _ 3Aj _ lz = ^_ sWj ^_ lW and y is some 
admissible word. Then we see that in order to have an effect on D(x), the 
first disc exchange £1 in the composition whose support intersects D{x) must 
have ya, yb and z of permissible form, and then £i(Z)(x)) = D(x 1 ) where x 1 
is also of permissible form. The exchanges for /3j (7) are all basic exchanges, 
because w[((3j) = w[(Ps) = L3 for all j > 3. Write ipi^^n 011 
D(x). and write £^1 = " "Cl- Let the support of & be C{yia yib,Ej), 
where Ej = #4ji(*)-3,4ji(*)-l,^ for e e C {a, 6}, so that ^i(D(x)) = D(x t ) 
and x l = ye+ie' e+l Z£ + i for e' i+l € {a,b}, as it is in the support of the 
next disc exchange We do not have Ej of the form -Ein-3,4n-l,7 for 

(/?4n+t : — 3 < i < 0) as in 3 in the statement of the lemma, because in that 
case, by the form of y^e^z^, ii-E<4n-3,4n-i,a; does not intersect D{y^eiZ() for 
any t. Because of the form of the words ygeebe, the set yeepEi contains any 
set E'. . „ „ . , , , , that it intersects, and if the two sets intersect and are 

4j2 — 3,4j2 — l,x 1+1 ' 

on the same level, so that the topmost principal pairs of the two coincide, 



then they coincide. It follows that principal arcs of type 3b) of 4.10.2 do not 
occur for £n for any £, and hence they do not occur for "01,41-5,7- 

The types 2 and 3 of quadruples (flu+til) : —3 < t < 0) only occur 
because they are in the boundaries of sets C(v v',E), and hence give 
satellite arcs. □ 
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5.4.2. Satellites without further effect. From Theorem IF.4. II there 
are two kinds of satellite quadruples for 7 = 7 r,Q : those as in 2 or 3 of 
the lemma. If (Pa+td) '■ ~ 3 < t < 0) is as in 2 of the theorem, then 
some of the disc exchanges in the composition for u-\ m ight be in 

the composition for ipi^j-i which is not the identity on D(x r ^ a ). But for 
quadruples (,8414.^(7) : — 3 < i < 0) as in 3 of the theorem this is impossible. 
We therefore refer to these as satellite (quadruples) without further effect. 

The result of 5.4.1 can be improved. We have the following. In particu- 
lar, this implies that x' in the statement of 5.4.1 can almost always be taken 
of the form x r a > for some a' G {a, 6} N . For an a G {a, we write n(£, a) 
for the largest integer such that 

D(vi-i )a te-i t a) C lpi^l n (e)-i)/2]-l(D(P2n(e)-ulhn(i)))- 
Theorem 5.4.3. Fix a G {a, b} N . Then, for 2p < n(£), 

"01,4p-l,a I V J ^2n(£)-l,Q ! (- D (^- 1 .«^-l>«)) 
can &e written in the form 

where each „ f is a composition of disc exchanges Ciivi with supports 
C(zj £a Zj/b, ■ g) where the following hold. 

1. is increasing with j; 

2. 2j^e is a prefix of x for one of e = a or b; 

3. i?ac/i Eij tPj £ is of the form E'^_ 3 4^-1 ^ • p ^ / or sorne il depending 
on i, where %i,j,p,e = x e ijpe for @i,j,p,t G {a>&} N which can be taken 
to be a except when \zj^a\ = \vk\ for some k, when we can take 

4. 

$iX>-i,a( D ( v e-i,<x t e-i,« a ) u D {ve-i, a te-i, a b)) 
= Dive-ifitt-ija) U D(ve-i t9 te-i,eb) 
for some 9 — Qi^^a G {a, b}^ such that ^£ ll p ll a(i) — &£ 2 ,p2,a{^) f or 
i < t\ < £2 o-nd n{£\) < 2min(pi,p2)- 
• 5. A similar result to 4 holds for D(vi-i t0 ,tg-i ta eu) where e G {a, 6} 
andu is any prefix ofti >a . This time, the image of D{vi-i ta t^i^ a eu) 
under V^L-i a ^ s °f ^ e f orm ^{ v i-l,e^i-i,9 e ' u ' where e' G {a, 6} 
and vf is a prefix of te.e ■ 

1 . The proof involves rearranging the disc exchanges in the composition 

1^1,4p-l,a = ^l,3,a o • • • o ^>4r- 3,4r- l,a ■ 

Since each ipu—ZAi—ia is a composition of disc exchanges, we already have 
a representation of V'Mp-l.a as a composition of disc exchanges £' q o • • • 
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For such a composition we write 1 = ^ o • • • o First, we summarise 
what we know from |5,4[ given that we are looking at the restriction of 
ipi,4r-i,a to ipil r _i(D(v£ tCe t£^ a ). It follows from this that each disc ex- 
change in the composition for ip^js^j-i, for each j, has support of the 
form C(za <-> z6, £ , 4j 1 _3 j 4j 1 _i^) for some j%, z and y, where each of z and 
y is obtained from a prefix of x r>a (or, equivalently, of x r ) by replacing oc- 
currences of a or 6 before some subwords vi )Dl or ti <a by 6 or a. So the same 
is true for the exchanges in the full decomposition for ipiAn(e)~i,a- So the 
support of & is of the form C{z'-a z'jb, E A j 1 _ 3 4: j 1 _ l y i ), where each 2^ 
and y'j have the properties just stated for z and y respectively. However, 
we do not have from this that \z'j\ is non-decreasing with j. In order to 
get this, we need to be able to commute a disc exchange m the com- 
position for ^411-3,411-1,2 with S,j 2: i 2 in the composition for V^-S^-M' ^ 
i\ < i 2 and the supports are C\ = C(z'- i ^a <B- z'^^b, #4i L -3,4i 1 -:i.,s) and 

,4i 2 -i,x) with l^'^jj < |^ 2! i 2 1- We only have 
to do this restricted to £' ' {D{ve^ a t^^ a )), where £' is the composition of disc 
exchanges applied before ^ 2) j 2 . Commutativity holds if C2 is contained in 
z'^ ^eE^-z^-i^ (for e = a or 6) whenever it intersects it. This is true if 

Write y" and y^. for the longest and shortest words respectively with 

D(y" s ) C £«.-3,4i.-M C D(y' s ). 

Then it suffices to show that if ii < 22 and l-^ij < \z'j 2 i2 \ and z'- x ix ey'x is 
a prefix of z'- 2 ia or Zj 2i j 2 is a prefix of ^4 ^ey'/ then 2^ ^ey" is a prefix of 
z'- 2 ia . To do this we use properties of the set A of words y which are obtained 
from x r by replacing some occurrences of a preceding subwords v\ or t\ by 
b. For each such a word, but the set of words y is considerably 

larger than the set of words x r ^ a . Nevertheless, any such word has strings of 
d's in certain positions, and this means that that the set A still has strong 
non-recurrence properties. In fact, the following holds. Suppose z and y are 
both prefixes of words in A. Then zy can only be a prefix of a word in A 
if z has the same length as a word of x r which ends in V{ for some i > k, 
where k is such that |ffc_i| < |y| < \vk\- The reason is simply that, for any 
y E A, a string of at least k d's only occurs in the same position as in x r , 
and any occurrence in x r is at the end of a subword V{ for some i > k. 

So now we apply this with z = is e s and y = y' s for s = 1, 2 under 
the assumption that Izj^iJ < \z'j 2i2 \ and i\ < %2- We let /c s be such that 
|^fc 3 -i| < |?/sl < bfcj Then the assumption that i\ < i 2 means that k\ < k2- 
In fact if (f3a 1+ t — 3 < t < 0) is non-satellite then \y[\ < \y' 2 \ ,and if {j3a 1+ t : 
—3 < t < 0) is satellite then from the way that satellites are produced we 
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see that \vk-i\ < \y[\ < \vk\ whenever \vk—i\ < {y^l < \vk\, that is k\ < 
It follows that if | Zj 1 ,u | < | z'- 2 i2 | , then 

l%,*i e l| + Nil - kii.il e l| + \ v k 2 \ < \ z j 2 ,i2 e 2\ 



and hence 



I "1^1 I 

\ z jl,ii e iyi\ < \ Z 32,h e 2\ 



as required. 

The proof of 2, 3, 4 and 5 follow by induction. Once we know V' 1 ~4 n (^)_i x i 
then we know the prefixes for all j with |zj^+ia| < We have 

Zj t £ = Zj t £ + i for \zj^ + \a\ < \ve+i\. Moreover the disc exchanges in the 
decomposition for ^>i,4r-i,a with supports of the form C(zj^a o Zj^b,E) 
are the same for any \zj^\ < \vg\ if 2n{£) < r. Now the disc exchanges in 
the composition for ipi^r-i which affect the choice of 9 = 6>£ r a are those 
corresponding to prefixes \zj t e\ < \vg\. It follows that 9i >r;(X (i) = 9i iSt0l (i) if 
i < £ and 2n(£) < min(r, s), and also 9e 1>r ,a(i) = ^ 2 ,n«(0 ^ * — — ^2 and 
2n{£\) < r. The result follows. □ 

From ??, and in particular from 4 and 5 of ??, we have the following 
corollary. The proof is immediate. 

Corollary 5.4.4. Let a £ {a, b} N and let x = x r>a . Let (Pu+t(x) : 
— 3 < t < 0) be any quadruple which is not a satellite quadruple without 
further effect, such that with n(a,£) < 2i for some £ > 1. Then there is 
9 = 0i :a € {a, 6} N and j = j(i) such that (f3fa + t(x) : —3 < t < 0) is an 
( quadruple (C^+^x^eJ : — 3 < t < 0), which is an upper quadruple if 
(Pu+t(x) : — 3 < t < 0) is non-satellite. Moreover #j 1)a (s) = 9i 2 ^ a {s) for all 
s<£-l ifn(a,£) < min(2ii, 2i 2 ). 

Moreover 

(An(r+l,a)-l(7))/ 9 2n( 7 )(7)) = ((2 ni (r+l,y)-l(y), (2j(y))- 
for y = x T fi and 9 = 9\_ n ^ r+ iy 2 \,(x- 



It follows from Theorem 5.2 that #|n(a,r+i)/2j,a * s independent of a, 
or can be assumed so, that is, #|n(a,H-i)/2j,a( s ) is independent of a for 
< s < r. We write a* for this common value of #|n(a,r+i)/2j,a- Then 
combining the above with Theorem |5.2[ we have the following corollary. 

Corollary 5.4.5. There is a* G {a,6} N with the following property. 
For all a G {a, b} m , we have9i tCt (s) = a*(s) for s < £ — 1, if n(£,a) < 2i, 
and 9i :a (s) = a(s) for all s < r if i = \n(r + 1, a)/2j . 

I have not been able to compute a*. This is mainly because of the 
difficulty of detemining accurately the satellites with effect. The only thing 
which seems certain is that a*(0) = a*(l) = a and a* (2) = b. As the 
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notation suggests, a* is independent of r, that is, the values of a*(s) for 
s < r are the same for x aA for all q>r, and, of course, for all a G {a, 6} N . 



CHAPTER 6 



The main theorems 



The theorems from which our main Theorem 11.91 is deduced are the 
following. 

Theorem 6.1. The set of capture paths 7 G Z m (3/7, +, +, 0) for which 
there is no other inequivalent capture path £ such that o s and <r 7 o s are 
Thurston equivalent, is of positive density bounded from 0. 

More precisely, there are capture paths 7 G Z m (3/7, +, +, 0) such that 
the following hold. There is no other capture path £ G Z(3/7, +, +, 0) (up to 
equivalence) such that 07 o s and u^os are Thurston equivalent, and there 
is a decreasing sequence of neighbourhoods U of a point P in the boundary 
of the gap of L 3 / 7 containing the endpoint x of '7 such that 

lim lim #rony_, 



where V(U) C U , and y G V(U) n if and only if the following hold. The 
point y is the endpoint of a capture path ^(y) GG Z(3/7, +,+,0) such that 
there is no other capture path ( G Z(3/7, +,0) (up to equivalence) such that 
<7 7 ( y ) o s and o s are Thurston equivalent. 

Theorem 6.2. For each integer r > 0, and for all sufficiently large m 
given r, the set of capture paths 7 = 71 G Z m {3/7, + , + , 0) such that <j 7 os 
is equivalent to a li o s for exactly 2 r+1 inequivalent capture paths j{ for 
1 < i < 2 r+1 , and with 7; G Z m (3/7, +, +, 0) for 1 < i < 2 r+1 , and to 
no path in Z m (3/7, +, — , 0) with S 1 crossing at e 2mt for t G [f§)f)j * s °f 
positive density bounded from 0. 

More precisely there is a capture path 71 G Z m {3/7, +, +, 0) such that 
07 o s is equivalent to cr 7i o s for exactly 2r inequivalent capture paths ji for 
1 < i < 2r, with endpoints Xi, and 7, G Z(3/7, +,+,0) for all i < 2 r+ , 
and there are neighbourhoods Ui of points Pi in the boundaries of the gaps 
of L^/i containing the points xi, and a sequence of neighbourhoods of Pi in 
Ui, converging to Pi such that, for U[ in this sequence, 

Inn Inn ^M^.-M"^ = j 
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where U- is in this sequence of neighbourhoods, and V(U- : U±, ■ ■ ■ U2r) is 
the set of points yi £ U- n with the following property. The point yi 
is the endpoint of a capture path 7(2/1) £ Z(a\,+,+) and there are exactly 
2 r+1 inequivalent capture paths j(yj) such that yj S Uj for 1 < j < 2 r+1 
and yi 6 XJ[ and <7 7 (^) s are all Thurston equivalent, but there is no other 
inequivalent capture path £ E Z(3/7, +, 0) such that a^o s and the c 7 (y 4 ) o s 
are Thurston equivalent. Moreover there are neighbourhoods Uj(Ul) of yj 
with U!'(U!) = XJ[ such that 

V(Ui :U 1 ,---U 2r ) = V{Ui U?(Ul), ■ ■ ■ Ui(UD) 

and 

6.3. Reductions 

The more precise statements make it likely that these are really the same 



theorem. This is in fact the case, given Theorem 5.2 which gives us capture 



paths 7i for 1 < i < 2 r+1 to work with, as in the more precise statement of 



6.2 We will make choice of the path 7, its endpoint x and the point P of 



6.1, in 6.6, Similarly, we will make a precise choice of the 7^, the endpoints 



Xi and the Pi of 6.2, in 6.7 We will choose P of the same preperiod as x, 
and similarly for the Pi. 

The usual way to construct sets of positive density is to use a convergent 
product: for example, a product of the form 

exp(— (logn) Q ) 



IIP 



n=l 

for any a > 1. This is the type of convergent product that we will use. 

Let 7 e Z m (3/7, +, +). A sufficient condition for 07 o s not to be 
Thurston equivalent to ay o s for any inequivalent capture path 7' is that, 
for all i, 
(6.3.0.1) 

G9ai-i(7),0w(7)) = (Ak'-iCY), Ah'CY)) * = i' A ^(7) = &(Y)Vj < 2i. 

To see that this is sufficient, the pairs (/02i- 1(7)) ^21(7)) are defined so that 
P = /^2n(7)-i(7) is the path in -R mj o such that ap o s is Thurston equivalent 
to <r 7 o s. Therefore, if cr 7 o s and cry o s are Thurston equivalent, we have 
n(/3) = 71(7) = n and 

/3 = /3 2n _ 1 (7) = /3 2n _ 1 (7') 
Since (/3 2n _i(7), /fen (7)) is an adjacent pair in R mfl with /3 2n -i(7) < /fen (7)) 



and similarly for 7', we then have /3 2n ( 7 )(7) = /3 2n ( 7 ')(Y), and hence (6.3.0.1 ) 
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implies that 



ft (7) = ft (V) for ain<2n(/3). 



Now (6.3.0.1) also implies that 
(6.3.0.2) 

(fai-l(Cl),fai{l)) = (Ak'-iCtO^Ht')) ^ ^4j-3,4i-l, 7 = ^4i-3,4i-l, 7 ' 

for all 2j < i. Hence if the condition holds we also have 

■01,22-1,7 = 01,2i-l,7'- 

In particular if (6.3.0.1) holds for 7 then for n = n(j) = 71(7') we have 

(6.3.0.3) fan-lil) = /32n-l(V) => ^l,2n-l,7 = 01,2n-l,7'- 

But then, denoting the endpoints of (3 = ft n _i(7), and 7 and 7' by p((3) 
and so on (as usual), we have 

P{l) = tPi}m-iW)) =P(l > ) 

and hence 7 



7'. The method for proving Theorems 6.1 and 6.2 



is essen- 



tially to prove that Condition (6.3.0.1) holds with positive density for all i. 
This will be done by showing that, if A{ is the set for which (6.3.0.1 ) holds, 
then, for a suitable sequence rij converging to 00, the density of A Hi+1 in 
A ni approaches 1 as i tends to 00, sufficiently fast to yield a set of positive 
density. 

Naturally enough, the positive density condition that we seek will be 
obtained by proving that a set of conditions which imply the sought condi- 
tion, hold with positive density. The theorem which we will prove, which 
will imply both theorems 6.1 and 6.2, is the following. Here, D((i,^2) is as 
inPOl 



Theorem 6.4. Let U C {z : Im(z) > 0} be an open set in Z M , and let 
U be the set of capture paths in Z(3/7, +,+, 0) with endpoints in U. Let 
no > 1. Suppose that ft (7) is constant for 7 6 U and i < 4no + 2, so that 
01,4i— 17 is a l so constant for 2i < hq. Write 

(A),1,A),2) = (ftlno+l(7))ftlno+2(7)) 

for any 7 G U, and write 

A) = £>(/?o,i,A),2)- 



Then 



lim sup d n 

n— Kx> 



d > 0, 



where: 



fijh n z n ) 
#(unz n ) 
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• U\ is the set of capture paths in Z(S/7, +,+, 0) with endpoints in 
U\ and 7 G U\; 

• U\ is the subset of U on which the following hold for suitable con- 
stants. 

There are strictly increasing sequences of integers and i{r), depending on 
7, but with no as before and, such that the following hold. Write 



Ei = U{E uljW3 : (u t : 1 < t < 4) is a quadruple, (wi,w 2 ) = (A,i(t)> ^,2(7))}- 
Let Uj be the longest word such that 

%.i,ft j )C%). 
For suitable a\ and a 2 > 1, we /lave 

krij+i+ll - |«2nj+l| < (log l^^+ll)" 1 
|t*2ni (r+1) +l| > exp((log|u 2 „ l(r)+ l|) a2 ) 

Also, the following hold: 
a) For all i, if C\ is a component of 

U{C : C is a component of (a ai u _ 3 os)~ n (E^_^^_i) with £ < Hi, n > 0, Di C}, 

or if (/3 2 j-i, /%) ari inactive satellite, and C\ is a component of 

U{(7 : C is a component of (a ai u _ 3 os)~ n (E4£-z,u-i) with 2^ < j, n> 0, Dj ^ C} 

i/ien /or any principal arc I for an adjacent pair in i? m ,o which is inside 
Di and over for some i\ > i, we have 



is not an inactive satellite, and any n > and any component C of 



(Pi.liPi,*) = (/3 4 „ 1+ l(7),Atn l+ 2(7)), 

Di = D(p itl ,p i)2 ), 




(°l34t- 3 os ) n (£^-3,4^-i), or ap, 



'i(r-l),l 



o s) n (Dj( r _!)), we have 



CH 1(02,-1, fa) =0- 

Moreover, given no we can /md nj /or j > 1 so that d is a function d(d°) 
ofd° = limsup^oo d m ,o, where 

z m ) 





and 



lim did") = 1. 
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6.5. Why [6^4] implies \6A] and [6T2] 



Of course, it is not immediately obvious that Theorem [6]4] implies 6.1 and 



6.2 The main purpose of the conditions on U\ and U\ in |6.4| is to bound 
the effect of the homeomorphisms ^i,4j-i, 7 on sets i"(/?2j-i(7), Pijiri)) for 
7 G IA\ . The following lemma is the key to showing that |6.4| implies |6.1| and 



We say that a pair {fiij—x, @2j) is an inactive satellite for 7 if 

^•/2J-i(pW)^(^-iA)- 

Lemma 6.5.1. The conditions on IA\ in\6.J\ imply the following for 7 6 



Wi, where rii is the sequence, which depends on 7, which is given in 2 of 6.4 

1. For all j > Irii, 

D(#y-i(7),Atf(7))C A- 

Moreover V^-3,4^-1,7 identity on I(P2j-i( r y), hjin)) for all 

n% < I < n^+i and 2n/j < j < 2nk + i, whenever i(r) < i < k < 
i(r+2) /or some r, and provided that (faj-i, fyj) is not an inactive 
satellite. 

2. // 

(6.5.1.1) p e (C) = Hi) for all t < 4n = 4n ( 7 ), 
and 

(6.5.1.2) 1(^-1(0,^(0) C A, 
for some i and k, then 

(6.5.1.3) ^-(0 = ^(7) for all j < 2n k . 

3. IfQeU and /3 2 n( 7 )(7) = Ain(C)(0 i/ien C = 7- 

Proof. 1. The proof of the first statement is by induction on j. The 
pair (/?2j-i, /3 2 j) is the pair (wi,^) with the property that I (0)1,^2) is 
mapped by ^1,41 (j-i)/2j-i to cross 7 immediately inside the principal arc 
of (Vi,4L(i-2)/2j-i(/52j-3), V ; i,4L(j-i)/2j-i(/52i-2))- So we need to show that 
I(uji,u>2) C A- So we consider the homeomorphism 

V ; l,4L(j-l)/2j-l = 1pl,4ni-l V'4n i +l,4L(j-l)/2j-l- 

By the inductive hypothesis, 

^4n,+i,4L(ii-i)/2j-i = identity on I(f3 2jl -i, fcji) for all 2n { + 1 < ji < j. 
So 

V>i,4L(j-i)/2j-i = ^i,4n,-i on I{p 2 h-uhji) for a11 2n i + 1 < Ji < J- 
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By condition b), this will also be true for ji = j, provided (/^j-i, 02j) is not 
an inactive satellite. So now we need to consider the action of ipil n ._i on 
the region bounded by 

^(V'l,4L0-2)/2j-l(^2i-3),V ; l,4L0-l)/2j-l(^2i-2))- 

We use EH Note that 

^llm-l = ^-3,4^-1 ° • • • ° V>1~3 

Therefore, the homeomorphism V^ln—i ^ s a composition of disc exchanges 
£l o • - - o £ n , with supports of the form C{vi v'^E^). For some of these 
disc exchanges, one of the exchanged topological discs contains Di. For 
the others, any component of the union which intersects Di, and which 
also intersects some /(/^i-i, 02ji.) for some j\ < j, is contained in Di. 
This means that the first disc exchanges map ipi,2n,i-i(Di) to Di and then 
after that the only relevant disc exchanges preserve Di . By the condition on 
I(uji, UJ2) in a), it follows that /(/?2j-i, /%) C Di. To see that I(^2j-i, Pzj) C 
Di if (/Jy-i, /?2j) is an inactive satellite, we use the other part of condition a). 
This time the first disc exchanges which are applied are all in the composition 
for ipipm-i-i ano - t ne second group are in the composition for 4 l x\\(j--\.)/2\-X'i 
and the second part of condition a) ensures that /(/^j-i, faj) C Di. 

2. Suppose that (6.5.1.1) holds and ( 6.5.1.2[ ) holds for some i and k. 
Then (6.5.1.2) also holds for k' replacing k, for any k' < k. Therefore we 
can proceed by induction, both on j and on k. We can assume that (6.5.1.1 ) 
and (6.5.1.2) hold, and that (6.5.1.3) holds for k — 1 replacing k. Then for 
all j with 2rifc_i < j < i such that (faj-i, faj) is not an inactive satellite, 

V , l,4n fc _ 1 -l, 7 /(/32i-l(7),/32j(7)) = ^i,4L(i-i)/2j-i,7( / (/ 3 2i-i(7) 5 /32i(7)) 
and these are mapped over 

(D k ). 

It follows by induction on k that, for An^-i < j < 4nfc, 

^■(0 = ^(7) 

and for n^_i < j < n^, 



l,4j-l,C 



l,4j— 1,7) 



which give (6.5.1.3) for j. The inductive step for inactive satellites relies 
on the fact that an inactive satellite I(^2j-l(C)> p2j(C)) is obtained from the 
support of ^i,2|(j-i)/2j-l,C an d similarly for 7 replacing (. So once again, 
the proof is inductive. 

3. By 2, (6.5.1.3) holds for the largest j with 2rij < 71(7). So 

"01,4^-1,7 = ^l,4nj— 1,C = ^1,41-1,7 on ^ for a11 2n 3 < 2i < n (P)- 
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For any i > 2n\, and any i! > n\, by induction on i, the set /(>02i— l(C) j ^2i(Q) 
and the support of iftu'-3,&i'-l,Ci are both contained in 

U„>o(o> os)-"^-) 

which is disjoint from 

I = ^(/?2n( 7 )-l(7),/?2n( 7 )(7)) = J(#2n(C)-l (0 > #2n(C) (0)- 

It follows that 

^l,4Ln(7)/2j-l,7(-D = ^4n,— 3,4n 3 — 1,7 CO = ^l,4[n(C)/2]-l,7C0 

and hence since one endpoint of V , i,4ln(7)/2j-i(-^) is the endpoint of 7 by the 
definition of ^(/32n( 7 )-i(7)> /^2n(7)(7)) an d the same endpoint is the endpoint 
of C by the corresponding definition for £, we have 7 = C- d 



In order to use this lemma to prove Theorems 6.1 and 6.2 we need 
to know that the conditions of 6.4 can be satisfied. This is given by the 
following theorem. 

Theorem 6.5.2. 1. It is possible to choose a set 

U C{z: lm(z) > 0} 

and an even no > such that the following hold for U and for the 
set IA of capture paths in 2(3/7, +, +, 0) with endpoints in U. 

(i) Pji'y) = (3j is constant for^ G 2(3/7,+, +,0) with j < 4no+2, 
so that 

D = £>(Atn +l(7), Alno+2(7) 

is independent 0/7 G IA. 

(ii) If X G 2(3/7, +,0) anda^os andcr^os are Thurston equivalent 
for some 7 G IA then ( G 2(3/7, +,+,0) or £ crosses S 1 at 
e^* fort £(§,§). If (G 2(3/7, +,+,0) and 

WMO-i(0.&n(o(0) C A), 
i/ien £ G ZY, and consequently 

Pi(Q = Pi for i < 4n . 

2. Fzx any integer r > 1. TTien we can /ind se£s Ui C {z : Im(z) > 0}, 
/or 1 < i < 2 r+1 , and even integers no,?, swc/i £/tat the following hold, 
given d° > 1, where lAi is the set of capture paths in 2(3/7, +, +, 0) 
which endpoints in Ui. 
(i) For each i < 2 r+1 and each j < 2no,j+2 ; the map 7 1— > ^(7) = 
j3j t i is constant on Ui . 
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(ii) The map (1,7) H> (fcnoj+lil) > ^2^,4+2(7)) ™ constant onUf^ ({j}x 
Consequently 

(A),1>A),2) = (/34n , ! +l(7),/?4n , I +2(7)) 

is independent of i and of^GUi, and therefore 

is independent of i. 
(in) If £ G 2(3/7, +, 0) is suc/i £/iai 07 o s and o~£ o s are Thurston 
equivalent for some 7 G U^, i/ien £ G 2(3/7, +,+,0) or C 
crosses S 1 ai e 2 ™* /or t G (§,§)■ //(£ 2(3/7, +,+,0) and 
7 G Wi /or some i < 2 r+1 , and 

i/ien ( G /or some j < 2 r+1 , and consequently 

Pi(0 = Pij for * ^ 4n 0,i- 

In froi/i cases we can choose U , or the Ui, so that 

#((A)\u n>0 s- n (£ ))n 



d <limsup 
w/iere 

£b = U{ J E , Wl)£i)3 : (wi,w 2 ) = (A),l, A),2)- 
If we can prove both this theorem and Theorem |6 . 4| then we have proved 



Theorems 6.1 and 6.2 Of course this theorem has two cases, the first of 
which is needed for 6.1 and the second for |6.2| Each of these two cases has 
two subcases, as we shall see. It seems likely that for 7 G U or 7 G Ui, there 
is no capture path £ G 2(3/7, +, — , 0) such that a^os and 070s are Thurston 
equivalent. Indeed it seems likely that there is also no such £ G 2(3/7, +,p) 
for any p > 0. But it has not been possible to completely prove this because 
of incomplete knowledge of R m , p for p > 1: an issue which has also affected 
all our earlier analysis. 

6.6. The choice of U for Theorem 16.11 

We make a quite explicit example, with uq = 1. We choose (3\ and 02 
so that /3i is the maximum path in R m .n with first unit-disc-crossing to the 
right of D(u) , where u = (L3L2R3) 2 L\L2RzL\L2 and therefore /?2 is the 
minimum path in R m fl with first unit-disc-crossing to the left of D{u). We 
then have w'^Pz) = 10^(^4) = -L3. Whatever the choice of w^fts), there is a 
set C(«i o U2,Ep lt p 3 ) which intersects D(/3i,^2) without being contained 
in it, where 

Ul = {L3L2R3) 2 L3L2R3L3, U2 = (L3L2R3) 2 L3L2BC L1R2R3L2R3. 
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We choose 

w'lifiz) = w' 2 {Pi) = u 2 L 3 xL 3 

for a suitable nontrivial x. Then Ep lt p 3 contains the subset of D{L 3 L 2 R 3 ) 
which starts at the right-hand edge of D{L 3 ) and ends at the first unit-disc- 
crossing of Pi and f3 2 . It follows that the second unit-disc-crossing of (3 3 and 
@4 is in the interior of u 2 E. Thus (fit : 1 < t < 4) is a type AC quadruple, in 
the language of section |4} In 4,9.1[ it was shown that for any capture path 
7 with /Sj (7) = Pi for i < 4, we have 

I(P 2 i-l(l),PM) C U n > ^ J D(/?i,/S 2 ). 
In fact we will make conditions that ensure that, for all i > 3, 

/(fe-i(7),fe(7))cfl(/5 3l A) 
To start the process, we choose 

D(p 5 , ft) c ^1,3 n l»(/S 3 , /3 4 ) \ n n>oS - n (E 1)3 u D(p u p 2 )), 

so that 

•01,3 I ^(/3s, /? 6 ) = ^ I ^(/3 5 , /3 6 ), 
where £ is the single disc exchange with support C{u\ «2, -£^1,3) ■ 

Since no = 1, we have Do = D{P^,Pq), and Eq is the union of all 
quadruples {uit : 1 < i < 4) with (cji,^) = (/Ss,/^). It is clear that by 
choice of (P5,Pe), we can ensure that 

ihfl(D(p 5 ,fa))<z{z:Tm(z)>Q}, 

for example by choosing 

D(p 5 ,p 6 ) C (u 2 u 3 X), 

where X = BC or UC, and has an even number of letters in {L3, L 2 } if 
X = BC, and an odd number if X = UC. This is because u\ has an odd 
number of letters in {L3, L 2 }. Also, we can choose (P5, fie) so that 

#(u n>0 s- n (E ) n z m ) 

lim SUP MB n7 \ 

is arbitrarily close to 1. Now we choose 

U = ^ lA (D(p 5 ,p 6 )), 

and choose U to be the set of capture paths in Z(3/7, +, +, 0) with endpoints 
in U. Then = ^(7) for all 7 G ZY, and ^1,3,7 = V ; /3i,/3 3 for all 7 G W. 
Therefore the conditions at the beginning of |6.4| are satisfied. For such a 
CSs,/^), we can take d° arbitrarily close to 1. Therefore, the condition at 
the end of 16.41 is satisfied. 
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Now we need to prove Theorem |6.5.2| So we need to show that any 
C G 2(3/7, +,0) such that #(/3 2 n(c)-i(C),/3 2 n(c)(C)) C A), we have C G U. 
We have 

2(3/7, +, 0) = 2(3/7, +, +, 0) U 2(3/7, +, -, 0). 
First we deal with the case of 2(3/7, +, +, 0). We will deal with the case of 



2(3/7, +,-,0) in 6.8 



Lemma 6.6.1. J/C G 2(3/7, +, +, 0) and £>(&»(0-i(0» ftn( f )(C)) C D 0) 
i/ien ft(C) = ft (7) /or i < 4 /or any 7 £W. 

Proof. By the conditions on ft (7) for i < 6 and 7 £ W, we see that 
(ft(7) : 1 < i < 4) is a quadruple of type AC. By 4.12.2 and the choice of 
D = D(j3 5 ( 7 ),/3 6 (j), we have C D (ft (7). ft (7) for all 

i > 2 and all 7 G ZY. Also by the choice of 7 and by |4.12.1t|41^ and [4TT2~3 , 
D(^2i- 1(7)) 7721(7) does not intersect any of the sets of the form 

D(ft(C), ft(0) n E XM u u^.i^Si.g.c 

for any C G 2(3/7, + , + , 0) such that (ft(C) : 1 < 4) is different from (ft (7) : 
1 < i < 4). So if £(ft„( C )-i(C),/3 2 „( C )(C)) C D , we must have ft( 7 ) = ft(C) 
for i < 4. 



□ 



6.7. The choice of J7 for Theorem [O] 



We use the examples constructed in Chapter [5] So fix r > 1. We 
consider 7 r ' a for a 6 {a, The definition of 7 r,Q depends only on a(k) 
for < fc < r. For any a G {a, o} N , let n(fe, a) be as in 5.4.3 



that is, n(k, a) 



is the largest (automatically even) integer 2i such that 
I(ipi,a-i,a ■ (fti-i(a)), fti(a)) <t D(v ktC 



if 1 < k < r, and n(r+l, a) is the largest integer i such that (/32j_i(a), fti(a)) 
is defined. 

We have seen that the branched coverings a^r, a o s are all Thurston 
equivalent for all a G {a, 6} N , that is, 

ftn(r+l,a)(7 r ' a )) = ftn(r+l,a°=) (7 r ' Q °° ) for all O, 

where a°° is defined by a°°(k) = a for all k £ N. But otherwise the sequences 
(ft(7 r,a )) and (ft(7 r,Q °°)) are quite different. Define 

Aj iQ , = D(ft n (j ia )_ 1 (7 r ' a ),/3 2n (j ia )(7 r ' a )) 

for i < r and 

A r+ l iQ , = D(/3 2n ( r+liQ )_ 3 (7 r ' Q ), P2n(r+l,a)=2(Y' a )) 



A- 



V , l,2n(i,a)-5,7 r ^(Ai 
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for i < r and similarly for i = r + 1. Although there is no reason why this 
should be true in general, we have seen that A' ia = D{oji,oj2), for some 
adjacent pair (wi,^) m Rm,o (depending on i and a). 



Let Ci( x ) be the sequence defined in 4.4 for some words x. In particular, 
d(x) defined for all i if x — x r ^ a with q(0) — (i. Let a* be as in |5.4.5l We 
define 



ni(i, *) = ni(i, a*), x* = x T)a *, A^* = A 



where the first two of these definitions are as in 5.3.4 and 5.4.4 respectively. 
For 1 < k < r, n(k,a), as given above, is also the largest even integer 2i 
such that 

D(/34i-i(a),P4i)(a)) <£ D(v k -i^tk-i,*a) U D(vk-i,*tk-i,*b). 
Define a*' 1 by 

a*>*(j) = a* (j) if j^i, a^(i)^a*(i), 

and define 

X ' — X r ^ a *,i, Aj^* — Aj iQ ,*,i. 

Then 

ni(i,a*' 1 ) = ni(i,*). 

We saw in Chapter [5j in particular in |5.4.4| and 5.4.5, that for any a S 
{a,6} N , 

(6 7 11 (02n(i,a)-l\ x r,a) i l^2n(i,a)( x r,a)) = (C2m (i,*) ( x * ) ; C2ni (i,*) ( x * )) 
Or if (C2n 1 (*)-l(^*' i ),C2n 1 (i,*)(^*' i )))> 

but it is not always clear which of these is true. We have 

/(/32n( 7 -)-i(7 r ' a ),/32n( 7 -)(7 r ' a )) C D(v t a) = £>(«i) 

for all a 6 {a, Now x rjQ , consists only of the letters L3, L2 and i?3, apart 
from the last letter C. The number of letters of x r ^ a in {-L3, L2} is odd. The 
same are true for x* . Therefore, writing x ra = yC, and x* = y*C, we have 

D{yBC) U D{y*BC) C {z : lm(z) > 0}. 

For any capture path 7 6 2(3/7, +,+,0) with endpoint in D(yBC), it is 
implicit in the results of Section [5] that 

= ft(7 r '") = &(<*) for i < 2n(f< a ) - 2, 

and hence, for n = n{^ r ' a ) — 1, 

D(P2„ r -i(i),P2 n (rf) =Dr + l,*. 

Write x* = y*C. Our candidate for the set U is a set of the form 

,2n(r+l,a)— 3 
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where D(r)i,rj2) C D(y*BC) and D(ojx,u)2) C D(yBC). We choose such a 
set U with 

^L( r+ i, Q )-i(^)c{^:Im(,)>0}. 

It is certainly possible to choose U so that this is true. We can also choose 
U so that dP = d°(U) arbitrarily close to 1, by choosing U so that 

U C D{yBCL\Ri) 

for an arbitrarily large N. We will then have 

A) = D(^4n 0+ i, /?4n + l) C A-+1,* = ^(Ano-l) Pino)- 



It remains to prove Theorem 6.5.2| for this choice of U. So as usual we let 
U be the set of capture paths in 2(3/7, +,+,0) with endpoints in U. We 
write 4no = 2ra(r + 1, a) — 2. Suppose that ( G 2(3/7, +, 0) and 



(6.7.0.2) J D(/3 2 n(C)-i(C),/3 2 n(C)(C)) Cfl = A r+1 ,*. 

We want to show that there is some 9 G {a, 6} N such that 
#(0 = Pi(Y' 9 ) for i < 2n(r + 1, 0) - 2. 
Once again, we consider the case of £ G 2(3/7, +,+,0) first, and we will 



deal with C G 2(3/7, +, -, 0) in 6.8 



Theorem 6.7.1. LeiZY 6e as above. Let 7 G U and ( G 2(3/7, +,+,0) 
such that (6.7.0.2) holds. Then there is a and 2uq = n(r + 1,9) such that 

Pi(0 = ft(7) = PiW' 6 ) for i < 4n . 

Proof. The proof, as usual, is an induction. We shall show the following. 

A-l If r > 1, then G D(voto) U Z?(u)oio) where, as usual, p(£) 
denotes the endpoint of C and /3j(C) = Pi{l r,d ) for 1 < i < 4, for 
some G {a,6} N . Moreover 

D(/Vi(C),/%(C)) C DM0, /34(C)) 
for all j > 2. 

A-2 For each i with 1 < i < r there exists 9 G {a, 6} N such that p(() G 
£>(«i,e) and /3j(C) = Pj(9) for j < n(i,9). Moreover 

D(p 2 j-i{0,fai(Q) c £(t>i-i,**i-i,*a) U D(v^U-i,*b) 
for all j > n(i, 9). 

A-3 p(C) G L»K^ r _i )0 t r _ lj0 ) and /3,-(C) = Pj(Y fi ) for all j < n(Y' d ) - 
2. 
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To prove A-l, we use 4.9.1[ and 4.12.1 to 4.12.3, which give information 
about the sequence ft(C)- By (6.7.0.2), we need 

A r+ i,* C (D(0i, /3 2 ) n £d, 3 ) U U n >xu n E lj3 . 



where u o v! is a basic exchange for /3i of the type in (3.9.1.4). Since 
A r+ i it C D(voto) if r > 1 and A r+ i it C D{vqL 3 L 2 R 3 L^) if r = 0, this gives 
just two choices for (J3i, (3 2 ): namely, f3\ is maximal with 10^(^1 ) to the right 
of D(v L 3 L 2 R 3 LlL 2 ) or D(w L 3 L 2 R 3 LlL 2 ), that is, 

(Jh(Q,fo(O) = <Jh(0),lh(0)) 

for some G {a,6} N . Of course, as a result of this, (Pi{C), (3 2 (C)) only 
depends on #(0), but then we can also choose 6 so that 



By 4.12.1 and 4.12.3, and the choice of Pi(C) for i < 4, we then have 
£>(/%-! (0,^(0) C D(L 3 L 2 L 3 L 3 )\ D((L 3 L 2 R 3 ) 2 L 3 ) 
for all j > 1. We now claim that we have 

L>(/Vl(C),/%(0) C ^(^(C), /3 4 (C)) C D( Uo t ) 



for all j > 2. If this is not true for a least j, then j = 2 jo + 1 is odd by |4.10.2 
and there is an exchange u\ for /?3 (and for for 3 < j\ < such 

that 

ui(£i, 3 )U £>(#$, AO) CD(A,A) 
Then ui does not exist if r = and foto° ° r ^o^o^ must be a proper prefix 
of u\ if r > 1. But then the same i>oto a ° r ^o^o^ is also a prefix of u^and 
from considering sets C(u 2 u 2 ,E') which can intersect C{u\ o u'i,E), 
for i£ and E' C D(L 3 L 2 L 3 )L 3 ) \ D(L 3 L 2 R 3 ) 2 L 3 ) , we see that the compo- 
nent of the support of ^5,4^,-1,^ which intersects Z?(^4 J0+ i(C), P4j +2(C)) is 
contained in D(u\) U D(u' 1 ). The same is true for any set C{u 2 «-)■ u^-Ei^) 
which intersects -D(/34j +i(C), /?4j +2(C)); apart from C(t>o o ^o,-Ei,3) which 
contains it. It follows that 

£>(/W (C),^o+2(0) C D(«i) u l»K) C 

Hence we have 

£>(/%_! (C),Ay(0) C D(fa(Q,p 4 (Q) for allj > 2. 

This completes the proof of [A-l] . So now we consider [A-2] . By a similar ar- 
gument, if C(u\ u[,E) is the first exchange to intersect _D(/32j-i(C); P2j{()) 
for a minimal j, where vot^a or foto& is a proper prefix of u\ then we have 

r>G9 2 i_i(C),#y(C)) c d(«i)udK). 
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Then by induction, 

(6.7.1.1) 0(Ak-i(C),0m(O) C U D«) for all £ > j. 



By (6.7.0.2 ) this can only be true for u\ a prefix of x r ^. Also we are assuming 
that votoa = v\ or vot^b is a proper prefix of any such u\. The first such 
prefix of x T ,* is u\ = v\t\a or v\t\b (since = t>i and ii.* = t\), that is, 
til ^ u'i is ^2,* ^ fitib (interchanging u\ and if necessary). It follows 
that for all sufficiently large I, 

(6.7.1.2) D(p U -i{Q,foi{0) C Dfaha) U £>(uit ft ). 

It follows by induction on j > 4 that that there is # such that 

&(C) = &(0)fari<n(M), 



and (6.7.1.2) holds for all £ > n(l,#). This completes the proof of [A- 2] for 

1 = 1. The proof of [A- 2] for a general i is similar. We assume inductively 
that [A- 2] is proved for i — 1. Then, as before, we can prove that 

D(^2j-l(C))/02j(C)) C D{vi- 2 ,*ti-2,*a) U D(Vi- 2 ,*ti-2,*b) 

for all j > n(i — 1,0). For if this is not true then as before we can find 

2 jo > n (h 6) an exchange u\ o for [3j for all j with 2n(i — 1,0) < j < 4jo 
such that Vi-2,*ti-2,*e is a proper prefix of iti for one of e = a or e = 6, and 
such that 

Z>(Ay_i(C),#y(C)) C £)(«i) U £>(«i) for all j > 2j . 

This is only possible if u\ o is one of the exchanges for which this 
happens for (faj-iiO), 02 j (&))-, which means end in v^-i^t^-i^e for some 
k < i — 1, or in ij-i^e, for e G So then by induction on j we can 

define 9(i) S {a, 6} so that 

03(0 = 03(6) for all j<2n(i,0), 

and the rest of [A- 2] for i is proved as before. 
The proof of [A-3] is similar. 

□ 

6.8. Paths in £(3/7+,-, 0) 



In order to complete the proof of |6.5.1 ) and 6.5.2 it suffices to show 



that for any capture paths 7 E U and ( E Z(3/7, +, — , 0), the maps a 7 o s 
and (T^os are not Thurston equivalent. In the process, we shall obtain some 
restrictions on the set of paths G R m ,o such that 073 o s is equivalent to 
o"^ o s, for £ G Z(3/7, 0, +, — , 0). These restrictions appear to be of interest 
in their own right. More specifically, we shall prove the following. 
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Theorem 6.8.1. Let ( G -2(3/7, +,-,0) wWcft crosses S 1 at e 27rit for 
t G [§§,§) aric ^ e ^m,o stic/t i/iai 070 s and erg G s are Thurston equivalent. 
Then 

w'i(/3) = L% or L3L2R3L2U or L3L2UCU or L3L2R3L3U 
for some u, and if w'^fi) = L3 then 

w' 2 (f3) = L 3 u or BCu or L^{L2R3) 2 u 

for some u. 



For the sets U that we have chosen, for theorem 6.1 (chosen in 6.6) we 
have 

K(Am 7 )(7)) = (L 3 L 2 R 3 ) 2 Ll 



for all 7 G IA and for the set chosen for Theorem |6.2| (chosen in |6.7[ ) we have 

w'lihn^il)) = L3, ^2(^(7) (7)) = u o*oa = L 3 L2R3L3(L 2 R3) 2 u 

for some u. It follows that <r 7 o s is not equivalent to 07 o s for any £ E 
2(3/7+, -, 0) which crosses S l &t e 27rit for i G [§§,§) . 

Proof. We shall choose a suitable ifi and a for which 

(s,Y m ) ~^ (cr a o s,Y m ), 

where ~ denotes Thurston equivalence. We shall then consider 

C 1 = a*il>(0- 



The basic reason for considering such a C 1 was explained in 2.4 07 o s and 
071 o s are Thurston equivalent, and this is realised by composing the above 
equivalence on the left by oy. The aim is to choose t/j and a so that the first 
two unit-disc crossings of coincide with those of a path in R m ,o- If that is 
so, then we shall show that the path f3 G R m ,o such that 073 o s is equivalent 
to 07 o s has the same first unit disc crossing as £ , and the same second 
unit -disc crossing if it/i(/3) = w'^C 1 ) = L3. 

Let C cross the unit circle at e 2nit for t G (|§, f ). Then i e (§§,§) or 
t G ( 2g , §§) • We can discount ( with t = |i because this point is in the 
boundary of the gap containing the point of preperiod 2 labelled by L3L2C, 
and it is then clear that 07 o s is not equivalent to 0" 7 o s for any 7 G W, 
because the endpoints of paths in IA are in U, and all points in U have 
preperiod higher than 2, in fact, at least 11. 

First suppose that t S (§§)§)• Let Vm,2/7 an d a m,2/7 be as m 



3.12 



(and as in 3.3 and 7.2 of [22J), that is, these homeomorphisms and closed 
loops arise from considering the equivalence between the type II captures 



07 1 o (jo os and 07 1 o <j/?„„ o s. Our initial choices of ib and a are: 
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and 

a = a m,2/7- 

This is just a first choice, which will need to be modified later. 

Now let t G (||, ||). We use the notation of 3.13 (and of 3.3 of 
graph 

choices of ip and a are: 



see the last paragraph of that section). Let q = This time our initial 



ip = ip. 



m.qi 



a = a r 



Once again, this is just a first choice, which will need to be modified later. 
First, we consider the case t 6 (§§>§) an< ^ ^ = ^m,2/7- Referring to 



the definitions in 3.12, we see that ^2,2/7 is the identity on ^5/7, and hence 



a 2/2/7 is an arbitrarily small perturbation of /3 2 /7 * P5/7. For any path £ 
based at 00 we also have 



«m,2/7 * VV2/7(C) = #2/7 * VVn,2/7(A>/7 * £)• 



For £ £ Z(3/7, +,0), the homeomorphism ^2,2/7 is the identity on /3 5/ / 7 * £ 
and hence for all m > 3, 



m,2/7 * ^,2/7(0 = P2/7 * Cm-1,2/7 ^-1,2/7(^5/7 * £)• 



Referring again to 3.12 we see that the support of £2,2/7 intersects V , 2,2/7(/^5/7 >l 



£) with intersection contained in D{BC)C\C2^/7- Since £2.2/7 is an anticlock- 
wise twist in the annulus C 2)2 /7, this implies that ^3,2/7(^5/7 * intersects 
the unit circle in the boundary of the central gap at e 27n ( n / 14 ) rather than 
e 27n(5/7)^ an( j ^Yiq intersection with the unit disc nearer to the endpoint of 
£ is unchanged. The support of £3,2/7 does not intersect ^3,2/7(^5/7 * £)• 
Therefore 



^3,2/7(^5/7 * = ^4,2/7(^5/7 * 



Referring to the description of £4,2/7 restricted to 6*4 2/7 m 3.12 



we sec 



that there are no intersections between C4/7 and ^4,2/7 (^5/7 * C) because of 
the restriction that t > ||. However, there is an intersection with 
if and only if £ crosses the unit circle between e 27 ™( 79 / 112 ) anc [ e 2m(5/7) ^ 
that is, if and only if the endpoint of £ is in D(LsL2R3Ls). For the mo- 
ment we assume that the endpoint of £ is in D{L^L2R-iL3). Then, because 
£4,2/7(^(^3^2-^3-^3)) = D(L^), with the movement being along an arc with 
endpoints in the lower unit circle, we see that ^5,2/7(^5/7 * £) intersects 
the unit disc in -D(L|) rather than in D(L3L2R3L^), and crosses the unit 
circle between e 2 ™( 37 / 56 ) and e 27ri ( 75 / 112 ) instead of between e 2 ™(79/ 112 ) and 
e 27™(5/7\ There are actually two components of intersection with the unit 
disc in D(Lf), because the action of £4,2/7 pushes ^4,2/7 (P5/7 * £) U P through 
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-D(L|L2), so that the last component of intersection of ^5,2/7(^5/7 * en- 
ters D(L\L2) from the top of the unit circle. There is no intersection be- 
tween ^5,2/7 0^5/7 * C) and ^5,2/7- I n f ac t there is never any intersection 
between ^,2/7 and Cj+i,2/7) because there is no intersection between ^1,2/7 
and 62,2/7- There is, however an intersection between ^5,2/7(^5/7 * C) and 
^5,2/7 if and only if the endpoint of ( is in D(L 3 L2R 3 L 2 ), that is, if and 
only if the endpoint of ^5,2/7(0 is m D(L^). In this case the action of 
£5,2/71 w ith £5,2/7(^(^3)) = D(BCLiR2R 3 L 3 ), gives that the endpoint of 
V'e, 2/7(0 is in D(BCLiR2R 3 L 3 ). There is then no intersection between 
^6,2/7 (/%/7*0 and Ce,2/7, and there is an intersection between V ; 6,2/7(/^5/7*C) 
and A 6 2 /7 if and only if the endpoint of C, is in D(L 3 L2R 3 Lf), that is, if and 
only if the endpoint of ^6,2/7 (0 is in D(BCL 1 R 2 RzLl). Using the move 
^{DiBCL^RsLl)) = D(L 3 (L 2 R 3 ) 2 L 3 ), the endpoint of V 7 ,2/7(C) is in 
D(L 3 (L2R 3 ) 2 L 3 ) . Continuing in this way, the endpoint of ^ m ,2/7(C) is in 
D(u), where 

(6 8 1 1) U = UlL2 = L 3^2(^3^3^ 2 ) r , or BCL 1 R 2 R 3 L 3 L 2 (R 3 L 3 L2) r , 
1 ' ' ' ' or L 3 (L 2 R 3 ) 2 L 3 L 2 (R 3 L 3 L 2 ) r , 

if m = 5 + 3r or 6 + 3r or 7 + 3r respectively, for any r > 0. The action of 
£i,2/7 restricted to components of Q,2/7 is relevant for i > 8. Note that, for 
the first two choices of u, for any extension uv of u, we have ii/^uf) = L 3 , 
and ui is a prefix of w' 2 {uv). This is not true for the third choice of u. 

The path = a m 2 /7 * YVn, 2/7(0 obtained in this way has first unit-disc 
crossing along D((L 3 L2R 3 )°°) , but then departs from all paths /3 6 i? m ,o 
with w[(f3) = L 3 , because of the action of £2,2/7 restricted to C 2 ,2/7 on 
/3 5 / 7 * £• In order to determine the next iteration ( 2 towards a path in i? m ,o, 
we consider the word w = w (0) = ^(^m,2/7(0) representing the endpoint 
of Vw^O • If £3 or -C'l-BC or is a prefix of w, when we define 

C^aWtC 1 ), 

where 

(s,Y m ) (<r a i o s,Y m ), 

and /3 1 is the unique path in i? m ,o which shares an endpoint with and 
with w'^p 1 ) = L 3 , and a 1 is an arbitrarily small perturbation of /3 1 * 
such that the disc (or union of discs) bounded by a 1 does not contain the 
common endpoint of /3 1 and 0- Therefore, 

( 2 = f3 1 *C I *ip 1 (( 1 ). 

Since ui is a prefix of w^iw^ 1 )), all of /3 1 beyond the first unit disc crossing 
is in D(u). Therefore all of a 1 , apart from the first and last unit-disc crossing 
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along D(L 3 L 2 R 3 )°°), is in 

D(u 4 )UD(u 5 )UD(u 6 ) 



where the u l are the different possibilities for u in (6.8.1.1) with 4 < m < 6, 
that is, 

u 4 = L*L 2 , u 5 = BCLxR 2 R 3 L 3 L 2 , u 3 = L 3 (L 2 R 3 ) 2 L 3 L 2 . 

From this, we can estimate the size of the components of the support of tjj 1 
which intersect £ . The difference between and /3 1 is contained in a small 
part of the supports of the homeomorphisms £ mj 2/7 for m > 4, in fact, for 
each one, a single component of intersection with the unit disc together with 
a single adjacent component of intersection with the complement of the unit 
disc. The path a 1 has a first and last crossing of the unit disc along the 
leaf D((L 3 L 2 R 3 )°°) between e ± 27r4 ( 2 / 7 ). it follows that the only component 
of supp( , 1 ) which is not contained in D(u m ) (for 4 < m < 6) has one 
intersection with D(u m (R 3 L 3 L 2 )°°). and then the later intersections are 
with D(v m v n L 3 ) for 4 < n < 6, where v l is obtained from u l by deleting 
the last two letters L 3 L 2 . So this component of the support is disjoint from 
C 1 . It follows that the path ( 2 is in D(u) from the second unit-disc crossing 
onwards. 

The case when u = L 3 (L 2 R 3 ) 2 L 3 L 2 (R 3 L 3 L 2 ) r is a bit more involved. 



In this case, because of the definition of w[ (in 3.6), it is possible to have 
w' 1 (w) 7^ L3. In order to see what happens, we need to look at the longest 
prefix uiu 2 of w such that u 2 has all letters in {L3, L 2 , R3} and is of the 
form 

u 2 = (L 2 R 3 ) ri L 2 for n > 0, 

or 

u 2 = (L 2 R 3 ) ri U 3 2 for n/1 and r 2 > 1. 

In the first case, u 2 is followed in w by BC or UC, and in the second case it 
is followed in w by L 2 . In the first case we do have w[(w) = L 3 , we define 
a 1 , ip 1 and Q 2 as above, and it does follow, much as in the previous cases, 
that C 2 is in D(L 3 (L 2 R 3 ) 2 L 3 ) U D(L 3 L 2 R 3 L 2 UC) from the second unit-disc 
crossing onwards. In the second case, we can also define a , ijj 1 and £ 2 as 
above, in the cases when w'^ui^L^ = L 3 , and we have the same bounds 
on ("2 from the second unit-disc crossing onwards. It remains to consider the 
cases when w' 1 {u\U2L 2 ) 7^ L 3 . This happens precisely when n + r 2 is odd 
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and < 3. We have: 

' L 3 {L 2 R 3 ) 2 {L 3 L 2 R 3 y- l L 3 if n = and r 2 = 1, 
u\L 2 R 3 L r 3 2 ~ 2 if n = and vi > 1, 
w' 1 (uiU2L 2 ) = { ui(L 2 R 3 ) ri ~ 2 if ri > 2 and r 2 = 1, 
u^L^Y 1 - 1 if n > 2 and r 2 = 3, 
ui(L 2 R 3 )^L r ^ if n > 2 and r 2 > 4. 

In all these cases, we have 

w[(w) = w[(uiu 2 L 2 )u 3 

for a word u 3 which is often empty. In all these cases we consider the 
leaf £ = D(w' 1 (uiu 2 L 2 )(L 2 R 3 L 3 ) oc ) of L 3 / 7 . Exactly one endpoint e 2mp is 
the first intersection point on the unit circle of at least one path in R m ,o- 
We then define a 1 to be the anticlockwise closed loop based at oo = v 2 
which goes along £ and then back through the disc along the leaf from 
e 27n(5/7) to e 2m(2/7)_ yy e ^ en define ip 1 and C 2 as above. It is possible that 
w i(( 2 ) w i( u i u 2L 2 ), and if the first unit disc crossing of C 1 is in the support 
of ip l , in the support of a disc exchange in the composition for tp 1 which has 
connecting arc along the top of the unit circle. But if that happens then 
both components of intersections with the unit disc are in D{w' 1 {uiu 2 L 2 )) , 
and there is no movement out of this set by other disc exchanges in the 
composition. So the first unit disc-crossing of £ 2 is in D{w' l {uiu 2 L 2 )) , and 
the process can then be repeated. 

Now we need to consider what happens for t € (||, j^)- The case of 
t = is not a problem because if £ crosses the circle at e 27 ™( 79 / 112 ) then the 
end of C is in the gap in D(L 3 L 2 R 3 L 2 ) which also intersects the unit circle 
at e 2 ^(33/H2)_ xhere is a capture pat h p G ^ m W1 th w (/3) = L 3 L 2 R 3 L 2 C. 

The intersection if f3 with the unit circle is of course with the upper unit 
circle. The intersection point is not e 27 ™( 33 / 112 ) ( as was noted in passing in 
Chapter 7 of [22] ) but at the leftmost point e 2 ^( 67 / 22 4) _ p or this (3 we have 
w li0) = L 3 (L 2 R 3 ) 3 L 3 , which satisfies the conditions of the theorem. 

Otherwise for t € (||, in some contrast to what was done before, 
we define w = w(() and x = w' 1 (w). Then £ = x(L 2 R 3 L 3 )°° is a vertical 
leaf. Let e 2mp be the point of £ which is the starting point of at least one 
path in R m ,o- Our new choice of ip and a — with Q l = a* ip(C) — are 



ip = ip. 



a = a 



The structure of Vvn,p is similar to that of tp m ^ 2 p, as noted in 3.13 (and 



earlier, in 3.3 of |22j). In particular, V'i+i.p = d,p f° r an * > 1> where 
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the support of £j )P is Ai tP U d tP and 



using the notation of 3.13 The annuli of A{ tP are thinner than the corre- 
sponding annuli of ^,2/7 but the annuli of Ci tP are thicker than the corre- 
sponding annuli of It is not accurate to say that the annuli "corre- 
spond, because it is not true (for example) that each annulus component 
of A i;2 /7 contains a unique annulus component of Ai >p . But this is true for 
components of ^,2/7 H {z : \z\ < 1} and components of Ai tP n {z : \z\ < 1} 
and even on some (or most) unions of components of intersection with, al- 
ternately, {z : \z\ < 1} and {z : \z\ > 1}. 

In many cases, ^(C 1 ) = f ; (V'm,p(C)) £ U x . We consider this case first. 
Then as when x = L3, £ is likely to diverge from all paths of R m fl after the 
first unit-disc-crossing. In this case, we define /3 1 to be the unique path in 
-Rm,owith w'^fi 1 ) = x and such that /3 1 shares an end point of (} a 1 to be a 
perturbation of /3 1 * C 1 which bounds a disc (or union of discs) disjoint from 
the common endpoint of (3 1 and £ . We then define 

As in the case when x = L 3: the action of tp 1 on does not cancel the 
first unit-disc crossing of or, and keeps the second unit-disc crossing in U x . 
Therefore the first two unit-disc crossings of £ 2 coincide with those of a path 
of R m fi with w[ = x. 

Now suppose that w^ 1 ) ^ U x . There are more possibilities than in the 
case x = L 3 , when w^ 1 ) £ U L3 occurred in essentially just one way. The 
new possibilities come from the difference between the homeomorphisms 
A,2/7 and ipi p, more precisely, in the difference between the annuli in ^.^2/7 
and Cj 2 /7j and the annuli in Ai p and CV p . For any p > |, the component 
of C2 iP which intersects D(C) also has intersection with interior with both 
D(L 3 ) and D(R 3 ). Write 

x = x\L 3 (L2R 3 L 3 ) n for some n > 0, X2 = X1L3, x' 2 = X1L2, 

or 

x = xiR 3 L2R 3 (L 3 L2R 3 ) n L 3 for some n > 0, 
x 2 = x 1 (R 3 L 2 ) 2 R 3 , x' 2 = xiR 3 L 2 , 



or 



Note that 



X = X\R 3 , X2 = xL2R 3 , x' 2 = X\. 

c 2t 2/ 7 nD(C) = c 2 , P nD(C), 
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and 

A^ 2/7 n D(L 3 ) c A AyP n D(L 3 ) u c 2 , p n d(l 3 )) u l 3 l 2 (c 2 , p n £>(i? 3 ))- 

Hence the same is true if we prefix by x 2 . There is an important difference 
between C 5i2 /7 and C^p, which arises because /3 2 /7 crosses C 2i2 / 7 , but f3 p does 
not intersect C 2jP . This means that, if x 2 has length i, there is a component 
of Ci ;P which wraps round the unique point of ZinD(x' 2 C), and £j jP restricted 
to this component is simply a half twist round this annulus. Furthermore, 
for each n > 0, there is a component of (7j + 3 ni p within this component of 
Ci tP , such that £,i+ 3n , P restricted to this component is a fractional l/2 n twist. 
The sets w(Q for which D(w((^ 1 )) <f_ U x are of three types: 

1. ^MC 1 )) c D ( X 2 X ) C 4C 2)P , where X = UC or BC, depending 
on whether x' 2 has an even or odd number of letters in {L 3 ,L 2 }. 
If this happens, we have w(Q € D(x 2 X') where X' = BC or ?7C 
respectively, so that X' ^ X . 

2. DMC 1 )) C D{ yi u 2 ), where yi = x 2 L 3 (L 2 R 3 ) 2 L 3 (L 2 R 3 L 3 ) r for 
some maximal r > 0, and u 2 with all letters in {L 3 , L 2 , R 3 } ending 
in L 2 or L 3 , of one of the two forms as in the case x = L 3 , and 
w'iiyi^X) / x, where X 6 {.BC, f/C} or X = L 2 , whichever is 
appropriate. In this case, it is always also true that w[(yiu 2 X, x) ^ 
x. Also, we have D{w(C)) C D(x 2 L 3 L 2 R 3 L 3 ir+3 ). But in that case, 
x 2 L 3 L 2 R 3 L% is a proper prefix of x = w' 1 (w(Q). This contradicts 
the forms given above for x 2 in terms of x. So, in fact, this case 
does not occur. 

3. ^(^(C 1 )) C x 2 L\(C 2 ^ v n D{L 3 )). In this case, we have D(w(Q) G 
x 2 L 3 L 2 (C 2 , p n D(R 3 j), and KMC 1 )) + KMC))- 

In cases 1 and 3, noting that case 2 does not occur, we define v\ = 
w'^C) = u/i(Y>m,p(0) and let 4 = D(vi(L 2 R 3 L 3 )°°) . Let e 2 ™ Pl be the 
unique endpoint of l\ which is the first S 1 intersection point of at least one 
path in R m ,0i and define 

V' 1 = ^m,pi, a 1 = Q!m,pi, C 2 = a 1 * ^(C 1 )- 

In case 1 above we have w(i^ m:Pl (C 2 )) C D(x' 2 X), because D(x' 2 X) C C 2iPl , 
and in case 3 we have D(w(C 2 )) C x 2 L 2 (C 2iP1 n D(L 3 )), because e 27r * Pl is to 
the left of e 2nip , and consequently C 2jPl D C 2iP . If w[(( 2 ) = x 2 then all of 
( 2 , from the first intersection with S 1 onwards, is in U x2 , but, as in the case 
x 2 = L 3 , the path ( 2 diverges from all paths in R m ,o after the first unit disc 
crossing, and we need to adjust by defining 



C 3 = «W(C 2 ), 
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where, similarly to before, a 2 is a perturbation of /3 2 * £ 2 , where /3 2 E i? m ,o 
is a path with tt^(/3 2 ) = x 2 and the second unit disc crossing coincides 
with the second unit-disc-crossing of Q 2 . As before, all of £ 3 also, from 

2 

the first intersection with the unit disc onwards, is contained in U x . If 
w i(( 2 ) x<2 -> then we define p% similarly to p2, as the unique endpoint of 
L>(w' 1 (C 2 )(-^2-R3-^3) 00 ) which is the first S 1 intersection point of at least one 
path in R mfl , and then define a 3 , V> 3 and C 3 similarly to a 2 , V> 2 and C 2 - 
Then we iterate this process. 

We finish with a discussion of the case of t E (^f , §§) , where the proof 
cannot be completed simply because we have no comprehensive description 
of the paths in R m ^. Recall that this time we are taking ip = ip m ^ q for 
q = gg. As before, the support of ^ m ,q is a union of annuli A ms U C m>q . 
The annulus components of Ci i9 are larger than the annulus components of 
C 12 /7 while the annulus A\ >q is smaller than the annulus A 12 /7- The first 
intersection between ipi >q (C) and Ai A U Cj i9 is for i = 4, as Q intersects the 
component of C^ q which surrounds the point in s _2 (0) with code L3L2C. 
As the twist in components of C^ q is anticlockwise, and is a half-twist, we 
see that a q * ^5,^(0 has first intersection point with S 1 at a point e 2mu for 
u E (g|, ^). As for C 1 = « m) , * if) m ,q((), one of two things happens. Either 

(6.8.1.2) C 1 n {z : |z| < 1} C D(L 3 L 2 UC), 

or, in a few cases, the endpoint of ip5, q (() is in 6*7^, and is subject to a 
further quarter twist, and possibly even further fractional twists. If this 
happens then the path C 1 = a m ,? * ipm,q(() has first unit disc crossing ei- 
ther along the leaf joining e ± 2, ™( 9 / 28 ) ; with the remainder of the path in 
D(LzL2BCLiR2BC), or with all of the path beyond the first unit disc 
crossing in 

D(L 2 (L 3 L 2 R3) 3 ). 

In both cases, we have 

(6.8.1.3) C 1 n{z : \z\ < 1} C U 1 



We have not defined U l in this work, but it is mentioned in 3.4 In both 



cases, all further iterations give paths with the same properties. If (6.8.1.2) 



holds, the path (5 E R m ,o such that apo s and a^o s are Thurston equivalent 



satisfies w[(f3) E D(L3L2UC). If (6.8.1.3) holds, it seems likely that there 



is no path f3 E R m ,o such that erg o s and <t 7 o s are Thurston equivalent, 
but that there is such a path in i? TO) i, by continuing the iteration. But it 
is not possible to be certain of this, because the paths in R m ,i have never 
been completely described. □ 
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6.9. Idea of the proof of |6.4 



The proof of the main theorems |6.1| and |6.2| is now reduced to proving 
6.4 We start with a set U of capture paths 7 such that ^(7) is constant for 



7 G U and i < 4no + 2. We have 

D = J D(/3 4 n +i(7),/34„o+2(7)) = ^(/3o,i(7),/3o, 2 (7)) 

for any 7 G U. 

Our set U\ will be of the form 

where U\fl = U = Dq and Uij, where U\ y i is a union of sets V^n-iG^j) > 
where ^(7) is constant on A for j < 4nj, and hence ^x~4n-l ^ s a ^ so constant 
on A and V^-z+i Am-i * s constant on A for all < i' < i, and hence A' 
is constant on A for all < i' < i, the numbers ny are constant on A for 
all i' < i, and the sets E^js ^j—i are constant on A for all j < 4rij. Then 
A,j will be the union of sets Vl,4ni-l(A) such that the conditions of 2a), 
2b), 2c) of 6.4 which concern j3j for j < 4nj, A' for i' < i, and E^—a ^j—i 
for j < rii, all hold. We then need to show that 

is bounded from for all sufficiently large n. So we need to show that this 
product is convergent. 

Obviously we are going to use induction. Given Uiu r \, such that con- 
ditions 1 to 3 hold for sets Di for i < i(r) such that A.i is a union of sets 
ipi,4ni-i(Di) , we need to choose f/i^^+i) so that the conditions are satisfied. 
So for each fixed Di{r) in ipi\ n . (Ui), we need to determine the possible 

' i (r) — 1 

Di for £ < i(r + 1) with A+l C Di C A(r)j and for this set of A(r+l)> and 
i(r) < i < i(r + 1), it suffices to have 

#(A+i) n Z n ) > (1 - Si) • #(A n Z n ), 

where ^ <5j < 00, because 

#(V'l,4n 4{r) -l(A(r) n Z n )) = #(A(r) H Z n ), 

and similarly for i(r + 1). 

To give the idea of the proof, it is easiest to describe what could be done 
if the situation were somewhat simpler. 

(i) Suppose it were true that Vv,^ = identity on all principal arcs C2) C 
A(r) f° r which C2) is not contained in D(u) for some word u with 
\u\ > exp(|ii|) Ql and for all {u t : 1 < t < 4) with E ultU3 C A(r)> again 
with Ai,w 3 not contained in any such D(u). 
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(ii) Suppose also that it were true that if C were a component of (ap u _ s o 
s)~ n (-Eil-3,4£-l) for I < Hi then either C n Di( r ) = or Dj( r ) C C. 

Then it would be easy to choose Dj+i and Dj for i(r — 1) < i < j < 
i{r + 1). But none of these is true. There is always at least one component 
C of (cj/3 1 o s)~ n (£'i i 3) for some n, which is not contained in D^, and 
corresponding components of (&0 U _ 3 ° s)~ n (E^_3^_i) , for each £ < n; L . 
Indeed C (1 Z n is & positive proportion of D{ n Z n , bounded from 0. So we 
need to choose u ni and Di carefully to ensure that /(/fej-i, faj) is disjoint 
from this C, for j < 2rij. The size of |tt2n i+ i+i| — |i*2n*+l I is chosen so that 
such a choice will be possible, with a set of positive density. 

First we consider (i). Every type 2 arc in Di is crossed by some com- 
ponent C of (a LUl o s)~ n (E WliU)3 ) for any quadruple (wj). But the crossing 
is usually on the central arc i(C) of Cand if £7 Wl W3 is already small then 
whenever (u t :< t < 4) = (/3_4 + 4/ +t : 1 < t < 4) and some ^, it is possible to 
bound the size of the component of 

U0<m,ni<j(o"/3 4 i-3 ° S ) m ( E 4j-3,Aj-l) 

containing C. In fact, we shall do that as follows. We define k(C) = 
k(u>i, 0J2), where oj\ and 0J2 are the two paths in R m ,o which bound C, as in 



4.8.2 Then k(C) — 1 is constant on each of the two components E\ and E2 of 
int(C), and if {D(v) : ^^^(v) = u} intersects C, it is contained in C. We 
shall ensure that if k(C) > 3 then any component of (o '/3 4i _ 3 °s)~ n '(^4e-3,4e-i) 
which intersects C is contained in 

Ci U \J{D(v) : k(v) > k{C) + 2, w' k(C)+2 {v) = u for some D(u) C C\} 

where C\ is the corresponding component of (cr ( g 1 o s)~ n {E\^)^ or 

C 1 UC 2 u\J{D(v) : k(v) > k(C)+2, w' k{c)+2 {v) = u for some D(u) C CiUC 2 } 

where C 2 is a component of (cr^ o s) _p (i? li 3) which intersects £1,3. This 
helps us to obtain the required bound on satellites. We aim to show that, 
for rtj( r _i) < I any component of (<rp u _ 3 o s)~ n {Eu-z,U-i) is disjoint from 
I((3 2 j-i, foj) for n(i(r - 1)) < 2j < n(i(r + 1)), except when /3 2 j) is 

purely satellite. 

Now we consider (ii). There is always at least one such C such that 
Cn Di ^ and C\ A ^ 0. In fact, if C is a component of (a^o s)~ n (E 1:3 ), 
then the proportion of points in C D Di D is a positive proportion of 
points in Di n for all sufficiently large k, independent of i and Di. But 
the proportion of sets Di for which it will be impossible to choose n%+i and 
-Dj+i such that C n D((3 2 j-i, 02j) H C = for j > 2nj+i is of proportion 
< A^ logn ^ Q for some fixed A < 1, and we can choose a > 1. In this case, this 
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is < n^ logA for any d > for sufficiently large i, and since n« > i, we have 

^ A (logn0« <+oc . 

i 

In all cases, we will make our initial choice so that every component C of 
i a 04£-3 s )~ n (^U-3,4£-i) which intersects this C is either contained in it or 
contains Dj. So then if C C C we can ensure that Dj+i Pi C = 0, and hence 

D i+1 n c" = 0. 

The method which is used is loosely, but quite closely, related to standard 
techniques of proving non-uniform hyperbolicity properties — as in |17j , for 
example, but the idea probably occurs in every single paper on the subject. 
We need to exclude certain behaviours of the critical orbit. Early and long 
recurrence needs to be excluded, which, in general terms, is what is needed 
to prove non-uniform hyperbolicity - in the cases which can be handled by 
methods currently available. Something more needs to be excluded because 
of the group action, but everything that has to be excluded is related to 
early long recurrence — what were known as "followers" in [17J. 

6.10. Proof of |0| 

One basic idea of the proof is to translate everything into symbolic dy- 
namics. This means that we use the admissible words w in our standard 
alphabet 

{BC,UC,Li,Rj : 1 < i,j < 3} 

and the sets D(w). The number of admissible words of length n is boundedly 
proportional to 2 n , and if wq and zq are admissible and of lengths m and p 
respectively, then the number of admissible words of length n and starting 
with wq and ending with zq is boundedly proportional to 2 n ~ m ~ p . 



Fix 7 6 IA and write j3j = ^(7). As in 6.4 we define Uj to be the longest 
word such that 

D(f3 2j ^,(3 2j )cD(u J ). 

One thing which we need to determine is how Uj differs from a prefix of 
10(7). Putting j = 2rii + 1, we have 

Di C D(u 2rH +i)- 



The conditions of 6.4 ensure that U2 ni +i is a prefix of Uj for all j > 2rii + 1. 
In particular, U2 ni +i is a prefix of u n ( 7 ) for all i > and U2 nj +i is a prefix of 
U2m+i for all j < i. It is not the case, however, that Uj 1 is a prefix of Ui x for 
ah ji < iii an d n °t even if i\ = 2rii + 1 for some i. Still, if j and i are the 
largest integers with 2ry + 1 < ji and 2m + 1 < i\, then U2n,-+l is a prefix 
of U2n t +i, and hence is also a prefix of u^. Since \uj t \ — \v^ n A = odnjj), 
this is useful information. 
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We also define Uj t i to be the longest word such that 

^MU/2j-i(^(%-i>/%)) C D ( u 3,l)i 
and U2j-i- is the longest word with 



For the choice of (/% : 1 < i < 4) for proving Theorem 6.1 there is no single 
nonempty word u\ _ with C D(u\ _). So in this case, we define Ui _ to 
be a pair of words (itx,i,— > ^1,2,-) with C D{L^) and ZJ^i^,-) C 

D(BC), where and ui )2 - are the longest possible with 

£1,3 C D(ui,i,-)UZ>(ui l2 ,-). 

We also define 

D(u 1 _) = D(« 1 ,i_)UZ>(«i A _). 



Our set Z7i, which we want to construct to prove Theorem 6.4, will be 
a union of sets 1^(7), i- By the inductive construction there is a one-to-one 
correspondence between the words Uji and u,-. We will be choosing the 
set [/1 to be a union of sets D(u2 n M,i) H Zoo by choosing the union of sets 
-D(u 2n ( 7 )) n Zqo) and we want the union of sets D(u2 n M H Z m ) to be of 
positive density for all sufficiently large m. So, of course, we need to control 
the difference between Uj and Uj \. 

We want to ensure that any changes between Uj and Ujj can be con- 
trolled by looking either at the different prefixes U2 ni +l in Uj, or beyond the 
largest such prefix. In order to do this, we shall ensure the following. 

(i) For j > 2m+l, for any suffix a\ of a such that a -H- b is a basic exchange 
with corresponding letters of a and b all different, any occurrence of 
a\U\ _ which is a subword of u,-, and which starts before the end of the 
prefix U2m+i in Uj, is a subword of U2 ni +i- 

(ii) No non-prefix subword of U2 ni +i is equal to U2n il ^ r _ 1) +i, for i < i(r + l). 
We claim that these two conditions are enough to ensure the conditions 

a) and b) of 6.4 The reason is as follows. The only way that a) or b) can fail 
is if D(v) is moved outside D(u2 ni +i) by ^i ni +i,U-i for some t > rii, and for 
some word v which is an extension of U2 ni +i, but a prefix of U2n i+1 +i- Now 
V ; 4£+ 1.4L0'— i)/2j— 1 is a composition of disc exchanges for each 2£ < j — 1. If 
we look just at the disc exchanges in the composition which have an effect on 
D(uj), we see that the support of each one is either contained in D{u2 ni +l 
or contains it, for each i with 2rij + 1 < j. So the disc exchanges which have 
an effect on D(itj) can be permuted, and we can group together those whose 
supports contain D(u2 ni +i) together, for each i. Then we can permute the 
order in which these occur. We can apply this corresponding to the largest 
i first, and then apply them in decreasing order of i. This makes sense, 
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because then all the disc exchanges, in the composition of ip4£+iM(j-i)/2\-i 
which have an effect on D(uj), have support contained in D(u2 ni +i) for any 
rii < 2t. So ■04^+i i 4L(j-i)/2j-i(^'(' u i)) is °f the form D(uj^ + i for some word 
u j,e+i where Uj^+i has U2n;+i as a prefix for any 2rii < i + For those disc 
exchanges which have support between D(u2 ni +i) and D(u2n i+1 +i), it is not 
possible to commute in any order, but the first exchange which is applied 
can only give a change before an occurrence of ui,-, or before a word arrived 
at by a rather special sequence of disc exchanges preceding some U2e-i,-- 

Clearly, in order to satisfy these conditions, we need to choose the rii and 
U2m+i suitably, given Uj. In fact, we will choose rii and U2n t +i, for i < i(r), 



given an extension u of U2n i(r) +i- Prom the statement of 6.4 we want the 
conditions 

|«2n i+1 +i| - \u2 nj +i\ < (log|u2„ j+ i|) ai = o(\u 2nj +i\) 

and 

\u2n 2l(r+1) +l\ > exp(log|u 2n2i(r)+ l|) Q2 ) 

From this, and the corresponding lower bound on |u2n i(r) +i| in terms of 
|n 2 „ i(? ._ 1) +i|, we have 



\u 2 n i{r+1) +l\ > exp(log|«2n i(r _ 1)+ ir^) 

Recall that we are aiming to construct U\ as an intersection of sets U\ r . 
We shall construct U\^ r as a union of sets D(u) for prefixes U2n;+i,i have 
been defined for i < i{r) with 

M - \u2n l{r) +l\ < (log|u2n l(r) +l|) ai/4 ) 

We shall do this by constructing U[ r with 

The method is inductive. For a sequence of integers m r , we will choose U[ r 
to be a union of sets D(u) with \u\ = m r . We start by taking mo = |«2n +i| 
but for r > 0, we will have m r > |u2n i(r) +i| for each choice of U2 n ^ r) +i- 
Since we can take |u2 no +i| arbitrarily large, we can also take mo arbitrarily 
large. We shall construct U[ r+1 as a union of sets D(v ) where each D{y ) is 
a subset of one of the sets D(u) in the union U[ r , that is, v has some u as 
a prefix, where D{u) is part of the union U[ r . We shall ensure that 

#(U[ >r+1 n Z mr+1 ) > (1 - 6' r )#(U[ ir n z mr+1 ). 

where Y1K converges, and, in fact, can be taken arbitrarily small. 

So it remains to show that, given u such that D(u) is one of the sets 
in the union U[ r , we can find a high density set of extensions v for which 
the properties are satisfied. Note that i(r), and U2n i{r) +i ah depend 
on u. The numbers i(r + 1), rii for i{r) < i < i{r + 1), and the prefixes Uj 
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for 2rii(r) + 1 < j < 2nj( r+ n + 1, will all depend on the extension v of u. 
But we need to find a good proportion of extensions v of u for which these 
numbers and prefixes can be defined with the appropriate properties. We 
will choose m r +i so that 

exp((logm r ) a2//2 < m r+ i < exp log(m 2a2 ). 

Note that this also implies that 

exp((logm r _ 1 ) Q 2/ 4 < m r+ i < explog(m r ^ 1 ), 

or otherwise put, 

(logm r+ i)°2 2 < mr _i < (logm r+ i) 4a 2 2 . 

So fix u. Then i(r) is defined depending on u and rij and U2 ni +i are 
defined for each i < i(r), depending on u, such that U2 ni +i is a prefix of u. 
To satisfy conditions (i) and (ii), we need to obtain a lower bound on the 
number of v extending u such that 

• every subword of length (1/10) (log m r ) ai in the extension of u in 
v contains a word L3X0 such that D(L^xq) D D(u±-) = and u\- 
is not a suffix of L^xq; 

• U2n i(r _ 1) +i~ is not a subword of the extension of u in v. 

If r = then in the second condition we simply replace U2n i r r _ 1 - ) +i- by 
«2n i(r) +l,— 

These conditions are sufficient to ensure (i) and (ii) respectively. In 
order to ensure (i) we can take a particular choice of L^xq. A choice of L3X0 
which will work for all our different choices of u\- is {L^{L2R^) 2 ■ So now 
we need to estimate the proportion of extensions v of u of length m r+ i for 
which these conditions are not satisfied. The proportion of words of length 
N which do not contain an occurrence of L3X0 is < for some A > 

which depends only on L3X0 - which we have fixed. We want to avoid such 
words, with N > (l/10)(logm r ) ai , over length m r+ \. So the proportion of 
words that we want to avoid for (i) is at most 

m r+ iexp(-(A/10)(logm r ) ai < exp((logm r ) 2a2 - (A/10)(logm r ) ai ). 

This proportion is at most 

exp(— (log m r ) ai ^ 2 

provided that 02 < or/3, that is, provided that a\ is sufficiently large given 
a.2- The only requirement on 02 is that «2 > 1- Similarly for (ii), for which 
it suffices to avoid U2n i(r _ 1 - ) +i-, the proportion of words which we want to 
avoid is, for a suitable A > 0, 

< m r+ i exp(— Am r _i) < exp((logm r _i) 4a2 — Am r _i). 
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Assuming, as we may do, that m r -\ is sufficiently large given A and ct2, this 
is at most 

exp(— Xm r -i/2). 
So altogether the proportion that has to be avoided is 

^2 exp(-(log m r ) ai/2 ) + exp(-Am r _i/2) 

r>0 r>0 

where in the second sum we define m_i = wiq. This sum can be taken 
arbitrarily small by taking mo arbitrarily large for fixed A > and a\ > 2. 
This completes the construction of C/i )r +i from C/i, r , and hence completes 
the proof. 
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